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Abstract

We make three contributions to the theory of contracting under asymmetric infornfatginwe
establish a competitive analog to the revelation principle which we call the implementation principle.
This principle provides a complete characterization of all incentive compatible, indirect contracting
mechanisms in terms of contract catalogs (or menus), and allows us to conclude that in competitive
contracting situations, firms in choosing their contracting strategies can restrict attention, without
loss of generality, to contract catalo@econdwe establish a competitive taxation principle. This
principle, a refinement of the implementation principle, provides a complete characterization of
all implementable nonlinear pricing schedules in terms of product—price catalogs and allows us to
reduce any game played over nonlinear pricing schedules to a strategically equivalent game played
over product—price catalog$hird, applying the notion of payoff security (see Reny (1999)) and
the competitive taxation principle, we demonstrate the existence of a Nash equilibrium for the
mixed extension of the nonlinear pricing game. Moreover, we identify a large class of competitive
nonlinear pricing games whose mixed extensions satisfy payoff security.

This paper extends earlier work by the first author (see Page (1992, 1999)).
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

For problems of screening and contracting under asymmetric information, the revelation
principle states that given any incentive compatible, indirect contracting mechanism there
exists an incentive compatible, direct contracting mechanism which in all circumstances
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generates the same contract selections as the indirect mechanism (e.g. see Proposition 2,
p. 73inMyerson (1982) For screening problems in which a single firm (or principal) seeks

to contract with several privately informed agents, the most impoitaplication of the
revelation principle is that in choosing a contracting strategy, the firm can restrict attention
to direct contracting mechanisms without loss of generality. How&artimort and Stole
1997)have shown via an example that for the polar opposite case of several firms com-
peting to contract with a single privately informed agent, this important implication of the
revelation principle no longer holds in general (see the examBedtion 3.2f Martimort

and Stole (1997) In particular, Martimort and Stole construct a two-firm, single-agent
contracting game with a Nash equilibrium implementable via an indirect mechanism, but
not implementable via any direct mechanism. Thus, it follows from the Martimort—Stole
example that in multi-firm contracting games, restricting attention to direct mechanisms is
no longer “without loss of generality”. The economic intuition behind their example can
be summarized as follows: because the range of a direct mechanism contains only those
contracts which are chosen by some agent type, direct mechanisms can fail to take into
account the possibility that in equilibrium some firms, in order to deter competing firms
from defecting to other contracting strategies, might offer contracts which are not chosen
by any agent type. The Martimort—Stole example thus highlights the fact that in competi-
tive contracting games, contracts offered but not chosen can be critical to holding in place
a particular equilibrium—or put differently, their example highlights the fact that in the
case of competing firms, contracting strategies not only serve to resolve the adverse selec-
tion problem but also to deter defections. Because incentive compatible direct mechanisms
address only the adverse selection problem, restricting attention to incentive compatible
direct mechanisms is restrictive and not without loss of generality. Is there an analogue to
the revelation principle for competitive contracting games?

This paper addresses this question and makes three contributions to the theory of com-
petitive contracting under asymmetric information. First, within the context of a multi-firm
contracting game, we provide a complete characterization of all incentive compatible, indi-
rect mechanisms in terms of cataldgéle call this result thenplementation principleT his
principle is analogous to the revelation principle in that it allows us to simplify multi-firm
contracting games in a way similar to the way in which the classical revelation principle al-
lows us to simplify single-firm, multi-agent contracting problems. The implementation prin-
ciple states that given any profile of incentive compatible, indirect contracting mechanisms
there exists a unique profile of contract catalogs which in all circumstances generates the
same contract selections (by the agent) as the profile of indirect mechanisrospaatsely
that given any profile of contract catalogs, there exists a profile of indirect mechanisms which
in all circumstances generates the same contract selections as the profile of CaThlogs.
it follows from the implementation principle that in competitive contracting situations,

1 Anindirect mechanism consists of a message specend a functiong(-), from the message space into the
set of contractsk. If the agent sends messagec M to the principal, then contragiim) € K is selected. A
direct mechanism is simply a functiofi(-) : T — K, defined directly on the set of agent typ&staking values
in the set of contracts . If the agent reports his type dsc T to the principal, then contragit’) € K is selected.

2 A catalog is a set of contracts (sBection or a formal definition and details).

3 Here, since there are several firms (or principals)s#iyms, we use the terminology profile to meartuple.
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firms in choosing their contracting strategies can restrict attention to catalogs without loss
of generality. We shall refer to contracting games played over catalogs as catalog games.

Our second contribution is to establish a competitive analog to Guesnerie’s taxation prin-
ciple (seeGuesnerie (1981, 1998ndRochet (1985) Thecompetitive taxation principle
we prove here states that given any profile of implementable nonlinear pricing schedules
there exists aniqueprofile of product—price catalogs which in all circumstances generates
the same product—price selections as the given profile of nonlinear pricing schedules; and
converselythat given any profile of product—price catalogs there existisiqueprofile of
implementable nonlinear pricing schedules which in all circumstances generates the same
product—price selections as the given profile of catafofjsus, by the competitive taxation
principle, nonlinear pricing schedules and catalogs are strategically equivalent—and thus
any noncooperative game played over nonlinear pricing schedules can be reformulated as
a strategically equivalent noncooperative game played over product—price catalogs.

The competitive taxation principle can be viewed as a refinement of the implementation
principle. While the implementation principle tells us that relative to the universe of all
possible indirect mechanisms, no loss of generality is imposed by restricting attention to
catalogs, the competitive taxation principle tells us that relative to the universe of imple-
mentable nonlinear pricing schedules (i.e. a particular class of indirect mechanisms), no loss
of generality is imposed by restricting attention to product—price catalogs (i.e. a particu-
lar class of contract catalogdMore importantly for applications, the competitive taxation
principle shows us precisely how to extract from any given profile of product—price catalogs
the corresponding unique profile of strategically equivalent nonlinear pricing schedules—
and conversely, how to construct from any given profile of nonlinear pricing schedules the
corresponding unique profile of strategically equivalent product—price catalogs.

Our third contribution is a Nash equilibrium existence result for catalog games. Two com-
plications arise in proving existence. First, because the space of catalogs (a compact metric
space) is not a vector space, the usual method of proving existence via a fixed point argument
is not available. Thus, in order to address the existence question, we must introduce mixed
strategies (or probabilistic strategies) over catalogs and consider the mixed extension of the
catalog game. Second, except in the case of finitely many contracts, the mixed extension of
the catalog game is oftentimes discontinubttere, we are rescued by a recent result due to

4 Let X be the set of all products (broadly defined) that firms can offer anfdl (atsubset of the nonnegative real
numbers) be the set of all prices that firms can charge. A nonlinear pricing schedule foisfarpair(X;, p;(-))
consisting of a product liney; € X and a pricing function,

pi() 1 X; = D.

A product—price catalog for firmis a subseC; of X x D.

5 Thus, while the implementation principle guarantees that given any profile of contract catalogs, we can find
in the universe of all possible indirect mechanisms a strategically equivalent profile of indirect mechanisms, the
competitive taxation principle guarantees that given any profile of product—price catalogs, we can find in the uni-
verse of all possible implementable nonlinear pricing schedules a strategically equivalent profile of implementable
nonlinear pricing schedules.

6 In general, the agent’s best response mapping is upper semicontinuous in catalog profiles (rather than con-
tinuous), and each firm's payoff function is upper semicontinuous in contracts (rather than continuous). The
connection between nonexistence of Nash equilibria and lack of continuity in competitive contracting games was
firstillustrated via an example bylyerson (1982)
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Reny (1999pn existence of Nash equilibria in discontinuous games. In particular, for mixed
catalog games satisfying Reny’s condition of payoff security, we are able to deduce, via
Reny’s existence result for discontinuous games, the existence of a Nash equilifiem,
applying our existence result for mixed catalog games to mixed catalog games played over
product—price catalogs, we are able deduce, via the competitive taxation principle, the exis-
tence of a Nash equilibrium for the mixed extension of the nonlinear pricing game. Are there
catalog games whose mixed extensions satisfy payoff security? To answer this question, we
introduce the notion of uniform payoff security, a condition implying payoff security. We
then identify a large class of competitive nonlinear pricing games for which the correspond-
ing catalog games satisfy uniform payoff security automatically. We conclude by showing
that the mixed extension of any uniformly payoff secure catalog game is payoff secure.

A key ingredient in developing our understanding of the relationship between catalogs
and indirect mechanisms is tdelegation principlgseePage (1999) This principle pro-
vides a complete characterization of all incentive compatibtiindividually rational direct
contracting mechanism in terms of catalogs. Here, we shall refer to any such mechanism
(i.e. any incentive compatible and individually rational direct contracting mechanism) as a
competitively viablelirect mechanism-Hammond (1979proved the first delegation prin-
ciple, characterizing incentive compatible, direct mechanisms in terms of catalogs for the
single-principal, multi-agent problems, whikage (1999¢stablished the delegation prin-
ciple for the polar opposite case of several principals and one privately informed agent.
Sharper results due Rage (1992andCarlier (2000, 2001gharacterize incentive compat-
ible, direct mechanisms for single-principal, single-agent contracting problems.

In the competitive contracting environment considered here a direct contracting mecha-
nisms is simply a mapping from agent types into firm—contract pairs, specifying for each
possible agent type the firm and the contract the mechanism intends the agent to®choose.
Under a competitively viable direct contracting mechanism the agent will participate in
the mechanism and choose the firm—contract pair intended by the mechanism precisely
because, by design, the mechanism provides no incentives for the agent to do otherwise.
But in a competitive environment, who or what in the economy chooses such a mechanism?
Such a mechanism would seem to require that firms choose a mediator who in turn chooses
the mechanism—or at least, that firms act cooperatively in choosing the mechanism. This
is precisely where the delegation principle comes into play. It follows from the delegation
principle that the choice of a competitively viable direct contracting mechanisms can be
decentralizedIn particular, rather than have the agent report his type to a centralized con-
tracting mechanism (however such a mechanism is chosen), instead each firm can simply
offer the agent a catalog of contracts (i.e. a set of contraatindexed by agent types)
from which to choosé.Under this scenario, firms compete via their catalog offerings and
agent choice is delegated. More importantly, under this scenario, firms can easily deduce
the agent’s best response mapping—a mapping which automatically incorporates all the

7 Reny’s notion of payoff security provides us with a precise way of identifying allowable discontinuities.

8 Thus, here unlikéartimort and Stole (1997Ave assume that the agent can contract with one and only one
firm.

9 This economic intuition first appears in the seminal paperlbnmond (19793and underlies his characteri-
zation of direct, incentive compatible mechanisms damnmond (1979)p. 266, Theorem 1).
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relevant market and agent specific information the agent might possess. We shall refer to
this scenario asnonymous delegated contractiigjven a particular catalog profile offered

by firms, any selection from the best response mapping (i.e. any function from agent types
into firm—contract pairs summarizing the agent’s optimal catalog choices) is a competi-
tively viable direct mechanism. What is surprising is that the converse is also true: given
any competitively viable direct mechanism there exists a unique, minimal catalog profile
giving rise to the mechanism via the optimizing behavior of the agent under anonymous
delegated contractinf. Stated more formally, by the delegation principle, a direct con-
tracting mechanism is competitively viable if and only if there is a unique, minimal catalog
profile implementing the mechanism.

The fact that competitively viable direct mechanisms can be decentralized via catalogs
allows us to define the notion ofNash mechanisnThis notion, in turn, provides us with a
general understanding of why the main implication of the classical revelation principle fails
in competitive contracting situatiod$.We say that a competitively viable direct mecha-
nism is Nash if the unique, minimal catalog profile implementing the mechanism is a Nash
equilibrium for the corresponding catalog game. Conversely, if a Nash equilibrium catalog
profile for a given catalog game is the unique, minimal catalog profile implementing some
competitively viable direct mechanism, then this mechanism is Nash and we say that the
Nash equilibrium catalog profile possesses a Nash mechanism. In general, if for a given
catalog game a Nash equilibrium catalog profile fails to possess a Nash mechanism, then
this Nash catalog profile cannot be implemented via any competitively viable direct mech-
anism. Such a failure implies that in the competitive contracting situation represented by
the given catalog game attention cannot be restricted to competitively viable direct mecha-
nisms without loss of generality (i.e. the main implication of the revelation principle fails).
Here, we construct two examples of competitive contracting games illustrating the failure of
the “without loss of generality” implication of the classical revelation principle. Unlike the
Martimort and Stole (1997) example, in our example both the problems of adverse selection
and strategic deterrence are presérin our first example, the catalog game has a unique
Nash equilibrium catalog profile with no corresponding Nash mechanism. In our second
example, the catalog game has two Nash equilibria, one without a Nash mechanism and
one with a Nash mechanism.

Despite the fact that the “without loss of generality” implication of the classical revelation
principle fails to hold in competitive situations, it follows from the delegation and implemen-
tation principles that the revelation principle itself still holds in competitive situations. Here,
we establish, as a corollary to the delegation and implementation princigles@etitive
revelation principle While the competitive revelation principle guarantees that the contract
selections generated under any given incentive compatible profile of indirect contracting
mechanisms can be replicated, agent type by agent type, by some competitively viable direct
mechanisms, it does not guarantee—as confirmed by our examples—that the replicating

10 The termminimalmeans smallest in terms of set inclusion (Seetion 6.%or a formal definition of minimal).

1 The main implication being that “without loss of generality” attention can be restricted to competitively viable
direct mechanisms.

12 |n the Martimort and Stole (1997) example the adverse selection problem is eliminated by assuming that the
agent has only one type. Thus, in their example only the problem of strategic deterrence is present.
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mechanism is Nash (for the unique, minimal catalog profile corresponding to the given
profile of indirect contracting mechanisms). Thus, the competitive revelation primtipke
notrestore the “without loss of generality” implication of the classical revelation principle.

2. Basicingredients
2.1. Agent types and contracts

We shall assume that,

(A-1) The set of agent types is given by a probability spéEeB(T ), u), whereT is a
Borel spaceB(7) is the Borelo-field in T, andu is a probability measure defined
on B(D).

Recall that a Borel space is a Borel subset of a complete separable metric space. Under
(A-1), multidimensional type descriptions are allowed.

Suppose now that there arefirms indexed by andj (=1, 2, ... , m) and letK be a set
containing all possible contracts that firms can offer to the agent. ElemeRtsd#noted
by f, can be viewed as describing the relevant characteristics of these contracts. For each
firmi=12,...,m,letK; be asubset ok containing all the contracts that firnean offer
to the agent. The sé&;, then, is theth firm’s feasible set of contracts.

We shall assume that,

(A-2) (i) K is acompact metric space containing an element 0 which we shall agree denotes
“no contracting”, and (ii) for each firm= 1, 2, ... , m, the feasible set of contracts
K; is a closed subset & containing the element 0.

In order to take into account the possibility that the agent may wish to abstain from
contracting altogether, we include in our list of feasible contract sets thi&ysgitzen by

Ko := {0} Q)
Lettingl = {0, 1, 2, ..., m}, define the set
K:={G HelxK:fekK} (2)

A pair (i, /) € K indicates that the agent has chosen contyaet K; from firm i,
while (0,0) = (i, f) € K indicates that the agent has chosen to abstain from contracting
altogether. Note that the gEtis a closed subset of the compact metric spacek .12 Thus,

K is a compact metric space.

Examples (Contract sets).

13 Equip 7 with the discrete metrig! (-, -) given by

1, WA

Feoory
dr G.7) = 0, otherwise
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(1) Finite contract setsPerhaps the simplest example of a contracKssdtisfying (A-2)(i)
is thefinite contract segiven by a set of the form,

K :=1{0, f1, f2,..., 1,

where 0 denotes “no contracting”, agds some positive integer greater than or equal
to 1 denoting the number of contracts.

(2) Products and priced.et X be acompact metric space representing the set of all products
firms can offer and leD be a closed bounded subset of the real numbers representing
the prices firms can charge. Assume tlfatontains a “no contracting” choice 0 and
that D contains the zero price. The contract set

K:=Xx D,

satisfies (A-2)(i), with(0, 0) € X x D denoting “no contracting”. Here, a contract is
given by a product—price paix, p) € X x D. We shall return to this specification of
the contract seK when we discuss nonlinear pricing.

(3) Probabilistic contract setd_et Y be a compact metric space containing an element O
denoting “no contracting” (for exampl&,might be the set of contracts given Kyx D
in example (2) above) and |&t(Y) denote the set of all probability measures defined on
Y. Rather than take as the contract set th& sietstead we might take as the contract set
the setA (Y). SinceY is compact metric space, so toa\sY) (seeAliprantis and Border
(1999) Chapter 14). Moreover\ (Y) automatically contains an element representing
“no contracting”, namely the probability measure assigning probability 1 to the choice
0 € Y. Thus, the contract set

K = A(Y),

satisfies (A-2)(i)t* In this example a contract is given by a probability measfire
A(Y).

(4) State-contingent contractket (Z, J, n) be a probability space whefgis the set of all
possible state§,is ao-field of events inzZ, andy is a probability measure. Consider the
contract seK given by a sef-measurable functions defined on the state sgaeding
values in some closed bounded intenval H], whereL < 0 < H.1® In this example
a contract is given by a functiofi= f(-) € K. Assume that the set of state-contingent
contracts K, has the following properties:

(i) K contains a function,

0):Z—[L,H],
such that

0(z) =0, forallz e Z.

14 Thus, the model we construct here includes as a special case probabilistic coMeatisort and Stole
(1997)focus on this particular case.
15 seeSection A.lin the Appendix for the definition di-measurability.
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(i) K is sequentially compact for the topology of pointwise convergencg,ahat
is, for any sequencif™},, in K there is a subsequengg’ }, in K and a function

f € K such that
["2) > f(z), forallz e Z.
(i) K contains no redundant contracts, that isf #&nd f in K are such that

f(Z) #f(Z), forsome € Z, then nize Z: f(z) #f(2)} > O.

The uniform boundedness & (by L and H) together with conditions (ii) and (iii)
imply that K is compact metrizable for the topology of pointwise convergencg ¢see
Proposition 1 inTulcea (1973) In particular, under (ii), (i), and uniform boundedness,

dy(f f) = /Z | f(z) — f(2)| dn(2),

defines a metric ok which generates the topology of pointwise convergéfiaaed makeg
a compact metric space. Taking as the “no contracting” choice the state-contingent contract
0(-), contract seK satisfies (A-2)(i).

2.2. The agent’s utility function

Let
v(t,-,) . K—> R 3

be the utility function corresponding to a type T agent. We shall maintain the following
assumptions throughout:

(A-3) The functionv(-,-,-) : T x K — R is such that (i) for each € T, v(t,-, ) is
continuous orK, (i) for each(, f) € K, v(-, i, f) is B(T)-measurablé/ and (iii)
foreacht € T, v(1,i,0) < v(1,0,0) foralli € {1, 2, ..., m}.

Note that we allow the agent’s utility to depend not only on the contract but also on brand
name (i.e. the name of the firm with which the agent contracts). However, by (A-3)(iii) if
the agent is to derive any utility from a firm’s brand name beyond the reservation level,
v(t, 0, 0), then the agent must enter into a contract with the firm. Also, note that allowing
utility to depend on brand name®es notule out the possibility that some (or all) types
of the agent are completely indifferent to brand names. Finally, note tRaisifinite, then
(A-3)(i) (continuity) is satisfied automatically

16 Thus, for any sequendg”}, < K andf e K, d, (f", /) — 0 if and only if
f'(2) = f(z), forallz e Z.

17 seeSection A.lin the Appendix for the definition oB(7)-measurability.
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2.3. The firm’s profit function

The jth firm’s profit is given by the function,
wi(, )i TxK— R, (4)
We shall maintain the following assumptions throughout:

(A-4) For j = 1,2,...,m, the profit functionz (., -, -) is such that (i) for each € T,
7;(t, -, -) is upper semicontinuous &, and (i) ; (-, -, ) is B(T) x B(K)-measurable
and u-integrably bounded (i.e. there existgaintegrable functior§;(-) : T — R
such that for a.e. 1], |7(t, i, | < &;(2) for all G, ) € K).18

Example (Profit functions and the utility function). Suppose, as in exantdlabove, that

the contract sek is given by a set of state-contingent contracts. Also, suppose that each
firm j = 1,2,...,m has conditional probability beliefs over the states givergby|-),

while the agent has conditional probability beliefs givendey-). Assume that for each
eventE € 7J, the functions

Bi(El): T —[0,1] and (E|):T —[0,1]

are B(T)-measurable.

The utility function let
u(,,):TxIx[L,H] - R

be such that (i) for each € T, u(t, -, -) is continuous o x [L, H], and (ii) for each
(i,c) e I x[L, H], u(-, i, ¢) is B(T)-measurable. Given utility functiom(., -, -), the typer
agent’s (expected) utility over firm—contract pairs is given by

v@hfw=Lu@nﬂma&m

Firm profit functionsFor j = 1,2, ..., m, let
ri(,,):TxIx[L,H — R

be such that (i) for eache T, r;(z, -, -) is upper semicontinuous ahx [L, H], (i) for
eachi € I, r;(-,i,-) is B(T) x B([L, H])-measurable, and (iii);(-, -, -) is u-integrably
bounded (i.e. there exists;aintegrable functiorg;(-) : T — R such that for a.e. |u],
rj(t,i,c)| < g;(r) for all (i,¢) € I x [L, H]).*® Given profit functionr;(-, -, -), the jth
firm’s (expected) profit over firm—contract pairs is given by

nmmfr=ﬁq@nﬂmmmwy

18 Here, B(K) denotes the Boret-field in the compact metric spaée SeeSection A.1lin the Appendix for the
definitions of upper semicontinuity ar®(7) x B(K)-measurability.
19 B([L, H]) denotes the Boret-field in the interval ., H].
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Specified in this way, the agent’s utility function satisfies (A-3) and each firm’s profit
function satisfies (A-4).

3. Mechanisms

3.1. Direct contracting mechanisms

A direct contracting mechanism iS&(7), B(K))-measurable function
t— (i), f(1), %)

defined on the set of agent types taking valu@s.f? Thus, a direct contracting mechanismis
afunction that specifies for each possible agent type an intended contracting arrangement for
that agent type. For example, under direct contracting mechanismf(-)), it is intended
that a type agent choose contragtr) from firmi(r). Whether or not this happens depends
upon the incentives provided by the mechanism.

Given direct contracting mechanigi-), f(-)), if the agent chooses what is intended for
his type, then thgth firm’s expected profit is given by

I3, f()) :/;ﬂj(lv i(n, f(n) du(), (6)

while a typer agent’s utility is given by
v(t, i), f(1)). (7)

Under direct contracting mechanigiit-), f(-)) the agent will participate in the mech-
anism and choose what is intended for his type only if the mechanism does not provide
incentives to do otherwise, that is, only if the mechanism is individually rational and incen-
tive compatible.

3.2. Competitively viable direct mechanisms

A direct contracting mechanisigi(-), f(-)) is said to beincentive compatiblé for all
agent types and?’ in T itis true that

u(t, (1), f(1)) = v(,i(t), f(t)). (8)

Thus, a contracting mechanis@t-), f(-)) is incentive compatible (IC) if for all agent
typest, the mechanism does not provide incentives for the agent to enter into a contract
(i(#), f(")) notintended for his type.

A contracting mechanisrti(-), f(-)) is individually rationalif for all agent types in T
it is true that

v(t,i(), f(1) = v(z,0,0). 9)

Here,v(z, 0, 0) is a typer agent’s utility level if the agent abstains from contracting alto-
gether (i.e. if the agent choosé3 0) € K). Thus, a mechanistti(-), f(-)) is individually
rational (IR) if it is rational for all agent types to participate in the mechanism.

20 seeSection A.lin the Appendix for a definiton ofB(T), B(K))-measurability.
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We shall refer to any direct mechanigi), f(-)) satisfying the incentive compatibility
constraintg8) as well as the individual rationality constrairf®y as acompetitively viable
direct mechanism. Note that because each contradtséfori = 0, 1, ..., m) contains a
“no contracting” choice, endogenous participation by fiamsthe agent is automatically
built into the notion of competitive viability.

4, Catalogs
4.1. Catalogs and catalog profiles

Foreach =1, 2,...,m,letC; be a nonempty, closed subsetigf We can think of the
subsetC; as representing eatalogof contracts that théth firm might offer to the agent.
Fori =0,1,2,...,m, let P¢(K;) denote the collection of all possible catalogs, that is,
the collection ofall nonempty, closed subsetskif.2! Sincek; is a compact metric space,
the collection of catalogs s (K;), equipped with the Hausdorff metricis automatically a
compact metric space (s&ection A.lin the Appendix for the definition of the Hausdorff
metric and a discussion).

If firms compete via catalogs, then their strategy choices can be summarized via a catalog
profile,

(C1,...,Cp). (10)

Here, theith component of the:-tuple (Cy, ..., C,,) is the catalog offered by thih
firm to the agent. Let

P = P¢(K1) x --- x Ps(Kyp)
denote the space of all catalog profilesPIfs equipped with the metrikp given by
hp((C1,...,Cn), (Cy, ..., Cy)) :=maXxh(C;, C) 1i=1,2,...,m}, (12)

then the space of catalog profileB,(: p) is a compact metric space.
4.2. The agent’s problem under anonymous delegated contracting

Givenm + 1-tuple of catalogs,
(Co, C1,...,Cp),
whereCp = Ko := {0}, the agent’s choice set is given by
I(Co, C1,...,Cp) :={(G, HeK: feC} (12)
Given choice(i, ) € I'(Co, C1, ..., Cyy), atyper agent’s utility is given by
u(t, i, f).

21 Note that sinc&ko = {0}, Pr(Ko) consists of a one nonempty, closed subset, namely tH@)set
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The agent’s choice problem under anonymous delegated contracting is given by

Note that because the agent can choose to abstain from contracting altogether (by choosing
from Cp), participation is endogenously determined

Under assumptions (A-1)—(A-3), for eactme agent’s choice problefh3) has a solution.
Let

Vi, C1, ..., Cp) i=maXv(t, i, ) : G e I(Co C1,...,Cn)} (14)
and
@D, C1,...,Cp):={(, f) € [(Co, C1,...,Cp) v, i, H=v*( C1,...,Cn)l.
(15)
The function
VRt ) s Pp(KD) X oo X Pp(Ky) — R

gives a typer agent’s optimal level of utility as a function of the catalog profile offered
by firms. Thusp*(z, -, ..., ) expresses a typeagent’s induced preferences over catalog
profiles. The set-valued mapping

(C1,....,Cp) = D(t,C1,...,Cp)

is a typer agent’s best response mapping. For each catalog profile
(C1,...,Cn) € Pr(K1) X -+ X Pr(Kp),
&(t, C1, ..., Cy)isanonempty closed subsetldf

The following Proposition summarizes the continuity and measurability properties of the
mappings,/” and®, and the optimal utility functiony*.

Proposition (Continuity and measurability propertiesuppose assumptio(s-1)—(A-3)
hold. Then the following statements are tr&) The choice correspondené&Co, -, . .., -)

is hp-continuous on the space of catalog profilBs(i.e. is continuous with respect to
the metrichp given in(11)), (b) The functionv*(-, -, ..., -) is such that*(z, -, ..., ) is

h p-continuous onP for eachr € T, andv*(., Cy, ..., Cy) is B(T)-measurable ol for
each(Cy,...,Cy) € P.(c)Foreacht e T, @(t, -, ..., -) iS h p-upper semicontinuous on
Pand®(., ..., ) is B(T) x B(P)-measurable o’ x P.%2

22 Here, B(P) denotes the Boret-field in the compact metric spac®, i p). Moreover,
B(P) = B(Ps(K1)) x - X B(Pf(Kpn)),

whereB(P; (K ;)) denotes the Boret-field in the compact metric spac¢® (K ;), h) (seeAliprantis and Border
(1999) p. 146, Theorem 4.43).
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The proof of the Proposition above follows from Proposition 4.1 and 4E22ae (1992)
It is easy to show that iK is a finite contract set, then for eache T, &(z,-,...,-) is
h p-continuous onP.

4.3. Expected potential profit under anonymous delegated contracting

Forr e T and(Cy,...,Cy) € P, let
it C1, ..., Cp) = maX{m;(t, i, /)@ (i, f) € P(t, Cy, ..., Cw)}. (16)
The quantity,
it C1. ... C),
is the maximum profit attainable by firphgiven agent type and catalog profile,
(C1,...,Cp).
Thus, each firm uses as its measure of the potential profit in state
@ C1,...,Cp) eT x P,

the maximum level of profit attainable in this state (recall that for each agent tyie the
agent is indifferent over his possible choices frarnt, Cq, ..., C;,)). Given assumptions
(A-4)(i) and (A-4)(ii) and given the upper semicontinuity and measurability properties
of the best response mapping (see the Propositi@eittion 4.2above), it follows from
Proposition 4.3 ifPage (1992hat the potential catalog profit function defined in expression
(16)is upper semicontinuous dhandB(T) x B(P)-measurable ofi x P (seePage (1992)

p. 275). Note that if the contract sktis finite, then for each agent typgthe function,

(Clv M ] Cm) - nj(h Clv MR ] Cm),

is automaticallyz p-continuous on the space of catalog profiles’3

Given catalog profiléC1, ..., Cy,) € P the jth firm’s expected potential catalog profit
is given by
I1;(Cq,...,Cn) = f ﬂ}‘(t, C1, ..., Cn) du(?). (7)
T

It follows from Fatou’s Lemma (sedliprantis and Border (1999)p. 407), that each
firm’s expected potential catalog profit function,

(C1.....Cw) = I;(C1.....Cm).

is h p-upper semicontinuous aP. Moreover, if the contract sé is finite, then each firm’s
expected potential catalog profit functiorfig-continuous onP.

23 This follows from the continuity ofr;(t, -, -, -) on the finite seK and from the p-continuity of @(z, -, ... ., -)
on the finite sefP.
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5. Competitive contracting, catalog games, and Nash equilibrium

A catalog game is given byP (K ;), IT;)"__; where the set of catalog®y (K ), is the
Jjth firm’s contracting strategy set aif); is tﬁe jth firm’s expected potential catalog profit
function, given in expressiofi7).

Definition (Nash equilibrium for catalog games). A catalog profile
(Ci,....Cp) € Pr(K1) X -+ x Pr(Kp)

is a Nash equilibrium for the catalog gart®y (K ;), 1‘[]-)’}1:1 ifforall j=21,2,...,m
I1;(C%. C* ) = I;(Cj, C* ), forallC; e Py(Kj).

Two questions now arise: first, in analyzing competitive contracting situations can we
restrict attention, without loss of generality, to catalog games? Second, in general, do catalog
games have Nash equilibria?

The answer to the first question is not obvious. Besides catalogs, firms have available
other types of contracting strategies. These other types of strategies fall into two broad cat-
egories: (i) direct contracting mechanisms (discussed above) and (ii) indirect contracting
mechanisms (discussed $ection 6.2elow). Thus, in order to answer the first question
we must have a clear and precise understanding of how catalogs, direct mechanisms, and
indirect mechanisms are related. The delegation and implementation principles, presented
in Section 6§ provide just such an understanding. In particular, the delegation principle pro-
vides a complete characterization of competitively viable direct mechanisms in terms of
catalogs, while the implementation principle provides a complete characterization of incen-
tive compatible indirect mechanisms in terms of catalogs. By the implementation principle
we will be able to conclude that, in general, in competitive contracting situations attention
can be restricted to catalog games without loss of generality. An important refinement of the
implementation principle is the competitive taxation principle. This principle, also presented
in the next section, establishes the strategic equivalence of nonlinear pricing schedules (a
particular class of indirect mechanisms) and product—price catalogs (a particular class of
catalogs).

The second question—the existence question for catalog games—is also difficult. It is
difficult for two reasons: (i) in catalog games, strategy spaces (i.e. spaces of catalogs) are
not vector spaces, and (ii) catalog games are often discontinuous. We are able to overcome
the first difficulty by moving to mixed strategies and we are able to overcome the second
difficulty by using a beautiful existence result dueReny (1999)

6. Threeprinciples
6.1. The delegation principle and Nash mechanisms

In this section, we state thaéelegation principle This principle provides a complete
characterization of competitively viable direct contracting mechanisms in terms of catalog
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profiles?4 By the delegation principle, all competitively viable direct mechanisms can be
decentralized via catalogs. This fact makes possible the introduction of the notion of a Nash
mechanism, and this notion in turn facilitates a general understanding of why the “without
loss of generality” implication of revelation principle fails in competitive situations. We
begin with a formal statement of the delegation principle.

6.1.1. The delegation principle

Theorem 1 (The delegation principle)Suppose assumptio(&-1)—(A-3) hold. Let
(), f()): T —-K
be a direct contracting mechanisifhe following statements are equivalent

1. The direct contracting mechanisfi(-), f(-)), is competitively viable, that jgi(-), f(-))
satisfies the incentive compatibility constraif®3 and the individual rationality con-
straints(9).

2. There exists a unique, minimal catalog profité,, ..., C,) € P implementingi(-),
f(1), that is, there exists a catalog profilg, ..., C,,) € P such that

@) (@), f(v)) e @, Cq,...,Cy)forallz e T,and
(b) for all other catalog profilesCy, ..., C,) € P,if (i(), f(r)) € &, Cy,...,Ch)
forallr € T,thenforj=1,...,m such thati(r) = jforsomer e T, C; C C}.

According to the delegation principle, a direct mechanigi), f(-)), is competitively
viable if and only if it is a (measurable) selection from the best response mappirng,
@(t, C1, ..., Cy), for some unique, minimal catalog profil€1, ..., C,,) € P, and there-
fore, if and only if

v(t, i(0), f(1) = maXv(t, i, /): (4, f) € [(Co, C1,...,Cp)}, forallreT,

for some unique, minimal catalog profil€s, ..., C,). By part 2(b) of the delegation
principle, the unigue, minimal catalog profi(€, ..., C,;) implementing(i(-), f()) is
minimal in the sense that undany otherimplementing profile(Cy, ..., C,,), it must
be true thatC; < C;. for all firms j attracting some participation under the mechanism
(). f().2°

We shall denote by

the set of all (measurable) selections from the best response mapping,

t— &, C1,...,Cpn).

24 The delegation principle is proved Page (1999)For the convenience of the reader we include a proof in
Section A.2of the Appendix.

25 |f under mechanisnti(-), f(-)) firm j’ attracts no participation (i.é()  j forallr € ), thenC; = {(0, 0)},

but nothing conclusive can be said about the relationship between the ca(t‘qka;xic}, in the implementing
profiles(Cy, ..., Cyn)and(Cy, ..., C).
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By the Kuratowski—Ryll-Nardzewski Selection Theorem (&lyerantis and Border (1999)
p. 567), for any catalog profile,

(C1,....Cp) € P,

the set of competitively viable mechanisms(Ci, ..., C,), is nonempty.

6.1.2. Nash mechanisms

By the delegation principle, any competitively viable direct mechar(ign, f(-)) can
be decentralized via a unique, minimal catalog prdafile, ..., C,;,) € P. This fact allows
us to define the notion of a Nash mechanism.

Definition (Nash mechanisms). We say that a competitively viable direct mechanism
(i(+), f()) is Nash if the corresponding unique, minimal catalog prdfile, . .., C,,) im-
plementing(i(-), f(-)) is a Nash equilibrium for the catalog garg®y (X ;), )%,

Thus, if a Nash catalog profil&Cy, . .., C,,) for the catalog gamePs (K ), 1‘[,-)’}':1 is
such that(Cy, ..., Cy,,) is the unique, minimal catalog profile implementing some com-
petitively viable direct mechanistti(-), f(-)), then(i(-), f(-)) is Nash. However, as the
examples we construct Bection Awill show, it is possible for a catalog game to possess a
Nash equilibrium catalog profile with no corresponding Nash mechanism—and therefore,
a Nash equilibrium catalog profile which cannot be implemented by any competitively
viable direct mechanism. Such a Nash equilibrium catalog profile must naturally contain
contracts—not chosen by any agent type—which serve only to deter defections by competi-
tors. The fact that some catalog games have Nash equilibria with no corresponding Nash
mechanisms means that in analyzing competitive contracting situations, attention cannot
be restricted to competitively viable direct mechanisms without loss of generality.

6.2. The implementation principle

In competitive contracting situations, catalogs allow the firm to simultaneously address
the problems of deterrence and adverse selection. The question that now arises is this:
relative to the universe of all indirect mechanisms, is there any loss of generality caused by
firms restricting attention to catalogs? The answer to this question is no—and is provided
to us by the implementation principle.

6.2.1. Strategic competition via indirect contracting mechanisms
Let M denote the set of all possible messages the agent can send to firnmslirdot
contracting mechanisiis a pair,

Mj, g;()),

whereM; C M is the jth firm’s message space agg(-) : M; — K is the jth firm’s
message function specifying for each messagec M; sent by the agent to firnj, a
contract selectiog;(m ;) from the jth firm’s feasible set of contracts;. If firms compete
via indirect contracting mechanisms, then their strategy choices are given by a profile of
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indirect contracting mechanisms,

(M1, 810)), ... (M, gm(1))). 19)

6.2.2. Indirect contracting mechanisms and agent choice
In order to take into account the possibility that the agent may wish to abstain from
contracting altogether, we include in our list of indirect mechanisms the mechanism,

(Mo, go(")) (20)
where

Mg :={mo} and go(mg) :=0.
Givenm + 1-tuple of indirect mechanisms,

((Mo, go(")), (M1, 81(-)), ..., (M, gm())),
the agent’s choice set is given by
W(Mo, M1, ..., M) :={(G,m) e [ x M :m e M;}, (21)

wherel = {0, 1,2, ..., m}.?® Given choice(i, m) € ¥(Mo, M1, ..., M,,), atyper agent’s
utility is given by

v(t, i, gi(m)).

6.2.3. The implementation principle
Extending the definition of incentive compatibility givenRochet (1985Y to the com-
petitive case, a profile of indirect contracting mechanisms,

is said to be incentive compatible if and only if there exists a function,

t— (i), m(1), (22)
such that

(i)t — (i(0), gin (m(1))) is (B(T), B(K))-measurable

(ihforallr € T, (i(r), m(t)) € ¥(Mg, M1, ..., M,,), and

(iiyforallr € T,

v(t, i(0), 8iy(m (1)) = max{u(t, i, gi(m)) : (i, m) € (Mo, My, ..., My)}.
(23)

We shall refer to any functioi(-), m(-)) satisfying conditions (i)—(iii) in expression
(23) as amessage selectidrom ((M1, g1(-)), ..., (M, gn(+))) (See Section A.3.1 in the

26 Recall that firms are indexed byand .
27 See, in particular, expression (11)Rochet (1985, p. 118)
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Appendix for a discussion of conditions sufficient to guarantee the existence of message
selections).

We now state our main result on the relationship between incentive compatible profiles
of indirect contracting mechanisms and contract catalogs.

Theorem 2 (The implementation principle)Suppose assumptio(-1)—(A-3) hold. Then
the following statements are true
1. For each incentive compatible profile of indirect contracting mechanisms
(M1, 81()), - - s (M, gm (),
there exists a unique, minimal catalog profile
(C1,...,Cy) € P,
such that for each message selection
('), m'(-),

from((M1, g1()), ..., (M, gm(+))), there exists a competitively viable direct contract-
ing mechanisms

(i), f()) € 22(C1, ..., Cw),

such that
(i(n, f() = (' (1), girpy(m'(r)), forallt eT.

2. For each profile of catalogs

(C1,...,Cy) € P,

there exists an incentive compatible profile of indirect contracting mechanisms
(M1, 81()), - - s (M, gm (),

such that for each competitively viable direct contracting mechanism
(i), f()) € 22(C1, ..., Cw),

there exists a message selection
('), m' (),

from (M1, g1(-)). . ... (Mp, gm(:))), such that
(i@, f(t) = (' (®), gip(m' (1), forallreT

By construction (see expressidB) in the proof of the implementation principle given
in the Appendix), the unique, minimal catalog profi®@, ..., C,) € P, corresponding to
the indirect contracting mechanism,

(M1, 810)), ..., (M, gm (),
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is such that givemny message selectiq@( (), m’(-)) from
(' (), gr(y(m' () € Y(C1, ..., Cp).

Thus, by construction, the unique, minimal catalog profi&,, ..., C,,), corresponding
to (M1, g1()), ..., (M, gm(-))) is such that

for all competitively viable mechanismg(-), f(-)) € > (C1, ..., Cy),and
for all message selection@’(-), m'(-)), (24)
u(t, i(r), f(1)) = v(t,i'(1), giy(m' (1)), forallzeT
Moreover, even if we drop the measurability condition (i) in expres&@) and require
only that message selections satisfy conditions (ii) and (iii), expre¢a®memains valid.

6.2.4. A corollary: the competitive revelation principle

The implementation principle, together with the delegation principle, imply that the rev-
elation principle holds in competitive contracting situations. In particular, we can state the
following competitive revelation principle as a corollary to the delegation and implemen-
tation principles:

Corollary 1 (The competitive revelation principleSuppose assumptiorfé-1)—(A-3)
hold. Then the following statements are true
1. Given any incentive compatible profile of indirect contracting mechanisms
(M1, 81()), - - s (M, gm (),
and any message selectjon
('), m'(-),

from((M1, g1(-)), ..., (M, gm(+))), there exists a competitively viable direct contract-
ing mechanisms

(i), fC)),

such that
(i@, f0) = ('), gr@y(m'(r)), forallteT.

2. Given any competitively viable direct contracting mechanjsms

(i), fC)),

there exists an incentive compatible profile of indirect contracting mechanisms
(M1, 810))s - - s (M, gm (),

and a message selection

(@), m' (),
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such that
(i(0), f(t)) = (1), gr(m'(r)), forallzeT.

Part 1 of the competitive revelation principle guarantees that the contract selections
generated by any message selection corresponding to any given incentive compatible profile
of indirect contracting mechanisms can be replicated, agent type by agent type, by some
competitively viable direct mechanisms. However, part 1 of the competitive revelation does
not guarantee that the replicating mechanism is Nash for the unique, minimal catalog profile
corresponding to the given profile of indirect contracting mechanisms. Thus, the competitive
revelation principle does not imply that in modeling and analyzing competitive contracting
situations attention can be restricted to competitively viable direct mechanisms without loss
of generality.

The proof of part 1 of the competitive revelation principle follows immediately from
part 1 of the implementation principle. For the proof of part 2 of the competitive revelation
principle, consider the following:

Let

(C1,....,Cp) e P

be the unigque, minimal catalog profile corresponding to the given competitively viable direct
mechanism

@), ).
Foreachj =1, ..., m, let thejth firm’s indirect contracting mechanism be given by
(Cj,e;(-),
where
ej():C; = K;

is theidentitymapping, and’;, the jth firm’s message space, is given by jtiecomponent
of the unique, minimal catalog profile implementing-), f(-)). To complete the proof,
observe that the set of all message selections from the indirect mechanism

((Cla el('))’ X (Cm, em()))

is equal to the set,

> (C1, ..., Cn),

of all competitively viable direct mechanism corresponding to the catalog profile
(C1, ..., Cw).

6.3. The competitive taxation principle

While the implementation principle tells us that relative to the universe of all possible
indirect mechanisms, no loss of generality is imposed by restricting attention to catalogs,
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the competitive taxation principle tells us that relative to the universe of implementable
nonlinear pricing schedules (i.e. a particular class of indirect mechanisms), there is a par-
ticular class of catalogs (i.e. product—price catalogs) strategically equivalent to the class
of implementable nonlinear pricing mechanisms. More importantly for applications, the
competitive taxation principle shows us precisely how to extract from any given profile
of product—price catalogs the corresponding unique profile of strategically equivalent non-
linear pricing schedules—and conversely, how to construct from any given profile of im-
plementable nonlinear pricing schedules the corresponding unique profile of strategically
equivalent product—price catalogs.

6.3.1. Strategic competition via nonlinear pricing schedules
In order to analyze strategic competition via nonlinear pricing schedules we must ex-
plicitly introduce price. To begin, assume that the set of all possible contracts is given

by

K =X x D. (25)

Elements ofX can be viewed as describing the relevant characteristics of contracts, while
elements oD specify price. Thus, for example, we might assume hiata closed bounded
subset ofRL where each vector = (x1, ..., xz) € X describes the characteristics of a
particular sales contract such as quantity, quality, and location, Whidea closed bounded
interval inR.

Foreachfirmi =1, 2, ..., m, the feasible set of contract§;, is a subset ok := X x D.

We shall assume that

(A-2)* (i) X is a compact metric space, containing an element 0 which we shall agree
denotes “no contracting”, (iip is a closed bounded subset®tontaining 0, and
(iii) foreach firmi = 1, 2, ..., m, K; is a closed subset & := X x D containing
(0, 0).

Given our more detailed specification &f the “no contracting” setKo, is now given
by Kg := {(0, 0)}, and the seK is given by

K:={Gx,p)elxXxD:(x,p) e K},

where as beford, = {0, 1, 2, ..., m}.
We shall strengthen our assumption (A-3) concerning the agent'’s utility function as
follows:

(A-3)* The functionuv(, -, -,+) : T x K — R is such that (i) foreach e T, v(, -, -, )
is continuous orK, (ii) for each(i, x, p) € K, the functionu(., i, x, p) is B(T)-
measurable, (iii) for eache T, v(#,i,0,0) < v(z,0,0,0) foralli € {1, 2, ..., m},
and (iv) for each € T and eachti, x, p), (i, x, p)) in Kwith p’ > p,v(t, i, x, p') <
v(t, i, x, p).

Note that (A-3¥ modifies (A-3) by adding the assumption that the agent’s utiliyristly
decreasing in price
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Example (A finite contract set). A useful example is provided by case in which theXsets
andD are finite. For example, let

X={O,172,-~-7 Q}7
whereQ is some large positive integer, and let
D =1{0,0.01,0.02,..., P},

where P is some large integer multiple of@L. Here, eachh € X represents quantity in
discrete units and eaghe D represents price in dollars and cents. In this case, assumptions
(A-2)*(i) and (A-3)(i) are satisfied automatically.

Definition (Implementable nonlinear pricing schedules). Animplementable nonlinear pric-
ing schedule is a paitX ;, p;(-)), whereX ; is a nonempty, closed subset®fepresenting

the jth firm’s product line, andp;(-) is a real-valued, lower semicontinuous functfén,
defined onX ; taking values in the set of pricé such that

graphp;()} :=={(x,p) e X x D:p=p;x)} S K;.

If firms compete via nonlinear pricing schedules, then their strategy choices are given by
a profile of nonlinear pricing schedules,

(X1, 1) - Xy P (). (26)

6.3.2. Nonlinear pricing schedules and agent choice
In order to take into account the possibility that the agent may wish to abstain from
contracting altogether, we include in our list of schedules the schedule,

(Xo, po(»)) (27)

whereXyg := {0} and pp(0) := 0.
Givenm + 1-tuple of nonlinear pricing schedules,

((XOa PO())y (Xl’ Pl()), ey (XM7 Pm()))a
the agent’s choice set is given by
A(Xo, X1, ... X)) ={(,x) e  x X : x € X}, (28)

wherel = {0, 1, 2, ..., m}.2° Given choice(i, x) € A(Xo, X1, ..., Xm), a typer agent’s
utility is given by

v(t, i, x, pi(x)).

28 seeSection A.1lin the Appendix for a definition of lower semicontinuity.
29 Again, recall that firms are indexed bwand .
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6.3.3. The competitive taxation principle
We now state our main result on the relationship between catalogs and nonlinear pricing
schedules.

Theorem 3 (The competitive taxation principle}suppose assumptio(s-1), (A-2)*, and
(A-3)* hold. Then the following statements are true

1. For each profile of catalogs
(C1,...,Cp),
there exists a unique, minimal profile of implementable nonlinear pricing schedules
(X1, p1)), oo s (X, P (4))),
such that for all direct contracting mechanisms
(), x(), p() € d(C1,...,Cn), wehaveforallr € T,
(i(0), x(0), p(1) = (i(1), x(1), pin (x(1))), andx () € Xi).
2. For each profile of implementable nonlinear pricing schedules
(X1, p1(C)), ooy (Xms P (),
there exists a unigue, minimal catalog profile
(C1,...,Cn),
such that for all direct contracting mechanisms

(), x(), p()) € X.(C1,...,Cp), wehaeforallr € T, (i(2),
x(1), p(1) = ([((0), x(®), piy(x(®))), andx(1) € X;.

It follows from the competitive taxation principendthe delegation principle that given
any competitively viable direct contracting mechanisms there is a unique profile of imple-
mentable nonlinear pricing schedules which implements the mechanism. Conversely, given
any profile of implementable nonlinear pricing schedules,

((Xls pl())s ey (Xma pm(')))»
with corresponding unique, minimal catalog profile,
(C1,...,Cnm),

there exists a unique set of direct mechanismé(y, . . ., Cp,), such that each mechanism,
(i), x(), p()) € Y .(C1, ..., Cp), is uniquely implemented by the profile of nonlinear
pricing schedules(X1, p1()), - - ., (Xm, pm ().
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Part 1 of the competitive taxation principle is establishe@age (1999§° Moreover,
Page (1999%hows that given any catalog profid€1, ..., C,,), the profile of nonlinear
pricing schedules,

(X1, 1)) oo (Xins P ()

which uniquely implements the catalog profile must be such that for gatte product
line, X;, is closed and the pricing functiom,(-), lower semicontinuous. Thus for each
firm, closedness of the product ling,, and lower semicontinuity of the pricing function,
p;(-), are necessary conditions for implementation.

7. Two examples

In this section, we present two examples of competitive contracting games illustrating
the failure of the “without loss of generality” implication of the revelation principle in
competitive situations. In our first example, we construct a catalog game with a unique
Nash equilibrium catalog profile—but a profile which does not possess a corresponding
Nash mechanism. Our second example is constructed by altering the catalog game in our
first example to obtain a game with two Nash equilibrium catalog profiles—one with a Nash
mechanism and one without.

7.1. Example 1

7.1.1. Basic ingredients
Suppose there are two contracts,and fg, so that,K := {0, fa, fg}, and assume that
there are two firms with

K; :=1{0, fa, fg}, fori=1,2
The space of catalog profiles is given by
P = P;(K) x Ps(K),
where
Pr(K) = {0}, {fa}, {f8}. {O, fa}. {0, fB}, {fa, fB}, {O, fa, fB}}
Suppose also that there are three agent types,
T :={n, 12,13},
having equal probabilities. Thus,
plt) = pliz) = uts) = 3.

The agent’s ranking of firm—contract pairs, given by the agent’s utility function, is as
follows:

30 Forthe convenience of the reader we include a proof of part 1 of the competitive taxation prinSipdtion A.4
of the Appendix.
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Utility ranking:

(11, (2, /) > (1, (1, fa)) > v(1, (1, fB)) > (11, (0, 0)) > v(r1, (2, fa)),
(2, (1, fa)) > v(t2, (2, fB)) > v(t2, (2, fa)) > (12, (0,0)) > v(r2, (1, fB)),

(3, (2, fa)) > v(t3, (1, fB)) > v(13, (2, fB)) > v(13, (0, 0)) > v(z3, (1, fA)).
(29)

Recall that by (A-3)(iii), for all agent types
v(t, (1,0) < v(, (0,0) and wv(z (2,0) < v(, (0, 0)).

Thus, we need only consider the catalog game played over the collection of catalogs
given by

{0}, {fa}. {fB}. { /A, fB}}.

Profit functions are specified as follows:
Firm 1's profit

Forallr e T,
m1(t, (L, fa)) =6 and mi(z (1, fB)) =3,
while
(30)
m1(t, (2, fa)) = m(t, (2, fB)) =0,
and
m1(1, (0,0)) = m1(1, (1, 0)) = m1(z, (2,0)) = 0.
Firm 2's profit
Forallt e T,
ma(t, (2, fg)) =6 and ma(1, (2, fa)) =3,
while
(31)
ma(t, (1, fa)) = ma(t, (1, fB)) =0,
and
m2(t, (0,0)) = m2(z, (1,0)) = 72(1, (2,0)) = 0.

Thus, firm 1 makes more profit selling contrggt while firm 2 makes more profit selling
contractfg. Each firm makes zero profit if the agent chooses a contract from the other firm.

7.1.2. Bestresponses and expected profits

With these basic ingredients in hand we can compute the agent’s type-dependent best
responses to each catalog profile offered by firms, and with these best responses (the selec-
tions from the best response mapping), we can compute each firm’s expected profit given
the prevailing catalog profile. Using these expected profit numbers, we can then construct
the payoff matrix corresponding to catalog game. Here, we will carry out only some sample
calculations to indicate how the entries in the payoff matrix are obtained.
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Suppose firm 1 offers catalog

C1={fa, fa},

and firm 2 offers catalog

C2={fa, fa}

Using the utility ordering given in expressi@¢@9), we can easily compute the agent’s
best responses to catalog profil€;, C2) = ({fa, fs}, {fa, f8}). We obtain

@(t1, {fa, fe}: {fa, f8D) = {2, fB)},
D(t2, { fa, fo} {fa, 8D = {1, fa)},
O(t3, { fa, fo) {fa, 8D =1{(2, fa)}.

Note that the best response mapping

t— @, {fa, f8), {fa, /8D

is single-valued. Thus, there is only one (measurable) selection from the best response
mapping (i.e. there is only one competitively viable direct mechanism corresponding to

catalog profile({ fa, fg}, {fa, f8})), and it is given by

@2, fp)ift =1,
i@, f&) =1 @ fa)ift =1,
2, fa)ift =13.

Given catalog profilé{ fa, f8}, {fa, fg}), firm 1's expected profit is given by

M fa, fs}. {fa, f8)
=mi(t1, 2, fe)u(t) + maltz, (1, fa))(t2) + w3, 2, fa)u(s),
while firm 2's expected profit is given by
IL{ fa, f8}. {fa, fB))
= ma(t1, 2, fe))u(tr) + ma(t2, (1, fa))u(t2) + ma(t3, (2, fa))u(t3).

Recalling thatu (1) = u(t2) = u(ts) = 1/3 and using the numbers in expressi¢dg)
and(31), we obtain

i fa, fe}, {fa, fBD) =2,

and

I>({ fa, f8} {fA, fBD) =3.
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7.1.3. The payoff matrix
Computing the expected profits for all possible catalog profiles, we obtain the following
payoff matrix.

[— Firm2 —|

o e i R o

: ) GO o o e
Firm 1 {fB} m m m
| {fa f5}

Payoff Matrix for Example 1 (32)

Note that/T1({ fa, f&}, {fa, f8}) andIT2({ fa, f&}. { fa, fB}) computed above give us
the entries(2, 3), for the fourth row and fourth column of the payoff matrix—the expected
profits which result if firm 1 offers catalo§y = { fa, fg} and firm 2 offers catalog, =

{fa, fB}

In this catalog game,

(C1,C2) = ({fa, f}. { /A, fB)),

with corresponding payoff2, 3), is the unique Nash equilibrium catalog profile (marked
by * in the payoff matrix above). Corresponding to this catalog profile there is only one
competitively viable direct mechanism. It is given by

@ fo)ift =mn,
(i), f() = @, fa)ift =12, (33)
2, fa)ift =13.

Forj=1,2,let
Ti={teT:i@®» = j}.

Theunique, minimatatalog profile implementing the mechanism in expresg®)is
given by

(f(0 1t e W}, {f(0) 1 1 € T2}).

By inspection of expressio33), we obtain
{fa} ={/®) 11 € T},

and

{fa, B} ={f0) i t € T2}.

Thus, the unique, minimal implementing catalog profile corresponding to the mechanism
in expressior{33)is

{fa}, {fa, fBD,
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and this is not a Nash equilibrium for the catalog game with payoff matrix given in expression
(32). We can conclude therefore that the Nash catalog profile,

({fa, fe}, {fa, fB8)),

has no corresponding Nash mechanism, and cannot be implemented via any competitively
viable direct mechanism. Note that contrggtin firm 1's catalog is not chosen by any

agent type.
7.2. Example 2

7.2.1. Altering Example 1
Suppose we change the definition of firm 2’s profit function as follows:

Forallr e T,
mo(t, (2, fg)) =3 and ma(t, (2, fa) =3,
while
(34)
ma(t, (1, fa)) = ma2(t, (1, fB)) =0,
and
ma(t, (0, 0)) = ma(z, (1, 0)) = ma(z, (2,0)) = 0.

Thus, in this example, contracfa and fg are equally profitable for firm 2. Leaving all
the other ingredients in Example 1 unchanged, with this change in firm 2’s profit function,
we obtain the following payoff matrix.

[— Firm2 —]

0y {fa} {fp} {fa.f5}
o

T {fa} 22)
Firm 1| | {fs} 2 @ O3
! {fa. f5} [22]

Payoff Matrix for Example 2 (35)

w)

7.2.2. Nash equilibria
In this catalog game, there are two Nash equilibrium catalog profiles (each marked by
in the payoff matrix above),

({fa, fe}, {fa, fa}) with corresponding payoff2, 2),
and

{fa}, {fa, fe}) with corresponding payoff2, 2).

As in Example Exampleghe only competitively viable direct mechanism corresponding
to Nash catalog profil€{ fa, fs}, {/a, f8}) is given by
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(2, fg) ift=mn,
i@, f0) =4 @ fa) ifr=1, (36)
2, fa) ift=ts,

and this mechanism, as we showe&kample Examplesannot be used to implement this
catalog profile. However, observe that this mecharisemNash mechanism for the other
Nash catalog profilei{ fa}, {fa, fs})- To see this recall from Example 1 that

{fa} =1/ 1eT)

and

{fa, fB} =1{f(0) 11 € T2},

where
Ti={teT:i(»=j}

Thus, theunigue minimal catalog profile implementing the competitively viable direct
mechanism in expressidB6)is given by

{f@ 1t e 1} {f() 1 € T2}) = ({fa), { /A, fBD),

and thus in Example 2, this mechanism is a Nash mechanism.

8. Nonlinear pricing gamesand Nash equilibrium

In this section, we consider the problem of existence of Nash equilibrium for competitive
nonlinear pricing games. Due to the unusual nature of each firm’s strategy set, the existence
problem is difficult. In particular, each firm must choose not only a pricing function (i.e. a
function which assigns to each product a price) but also a product line (i.e. a set of products
upon which the pricing function is defined). By the competitive taxation principle any non-
cooperative game played over implementable nonlinear pricing schedules is strategically
equivalent to a much simpler game played over product—price catalogs. Thus, in order to re-
solve the existence issue for nonlinear pricing games, we need only consider catalog games
played over product—price catalogs. However, as mentioned previously, even for the simpler
catalog game, proving existence of a Nash equilibrium is not straightforward. First, because
the space of catalogs (a compact metric space) is not a vector space, the usual method of
proving existence via a fixed point argument is not available for catalog games. Thus, in
order to address the existence question, we must introduce mixed strategies (or probabilistic
strategies) over catalogs and consider the mixed extension of the catalog'g@ewand,

31 |t would be very difficult to define the mixed extension of the game played over nonlinear pricing schedules.
This would involve defining, for each firmy probability measures on the set of pgiks;, p;(-)). The competitive
taxation principle, by making it possible to move from nonlinear pricing schedules to catalogs and back again,
allows us to consider, without loss of generality, the simpler game played over catalogs, where it is much easier
to define the mixed extension.
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because in general the agent’s best response mapping is upper semicontinuous in catalog
profiles (rather than continuous), and because each firm’s profit function is upper semicon-
tinuous in contracts (rather than continuous), except in the case of finitely many contracts,
the mixed extension of the catalog game is oftentimes discontinuous. Our proof of the ex-
istence of a Nash equilibrium for the mixed extension of the catalog game rests upon a
recent result due tBeny (1999)n existence of Nash equilibria in discontinuous games.

In particular, for mixed catalog games satisfying Reny’s condition of payoff security, we
deduce the existence of a Nash equilibrium via Reny’s existence result for payoff secure,
upper semicontinuous games. Then, applying our existence result for mixed catalog games
to mixed catalog games played over product—price catalogs, we are able deduce, via the
competitive taxation principle, the existence of a Nash equilibrium for the mixed extension
of the nonlinear pricing game. We also address the issue of which catalog games possess
payoff secure mixed extensions. We begin by introducing the notion of uniform payoff
security, a condition implying payoff security. We then identify a large class of competitive
nonlinear pricing games for which the corresponding catalog games satisfy uniform payoff
security. We conclude by showing that the mixed extension of any uniformly payoff secure
catalog game is payoff secure.

8.1. Mixed catalog strategies

Foreachfirm =1,2,...,m, let A(Ps(K)) denote the set of all probability measures
defined on the feasible set of catalo@%,(K ;). The strategy sef(Pr(K;)) is the jth
firm’s mixed (or probabilistic) catalog strategy set. A mixed catalog strategy for firm
is a probability measure; € A(Py(K;)) having the following interpretation: if firm
Jj chooses strategy; € A(Pr(K)), then given any Borel measurable subset of catalogs,
E € B(Pr(K)), the probability that a catalog containediwill be selected under strategy
1jisA;(E). Since the feasible set of catalog%,(K ;), equipped the Hausdorff metric, is a
compact metric space, the mixed catalog strategy\$& (K ;)) is convex, compact, and
metrizable for the topology of weak convergence of measuresAlgamntis and Border
(1999) Chapter 14).

If firms choose mixed strategy profile

(A1, --- Am) € A(Pp(Kp) X -+ X A(Pr(Kp)),

then thejth firm's expected payoff is given by

Fj()hl’ cees Ap) = / Hj(C]_, ey Cm))\l(dcl) “““ )\m(dcm)'
Pr(K1)x-xPfr(Kp)
(37)

Following the terminology oReny (1999) the game(A (P (K )), Fj);"zl represents
the mixed extension of the underlying catalog game(K ;), 17.,‘);.”:1. We shall refer to
the game(A(Pr(K))), F,-)’;’ , as the mixed catalog game. Note that for each fjrthe

expected payoff function,

ALy -y ) = Fij(Aa, ooy Am),
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is multilinear and upper semicontinuous onthe strategy spaee(K1)) x- - - x A(Py(Ky,))
(seeAliprantis and Border (1999)p. 479, Theorem 14.5). Also, note that if the underly-
ing contract se is finite, then each firm’s expected payoff function is multilinear and
continuous.

8.2. Mixed catalog games, payoff security, and the existence of Nash Equilibrium

Definition (Nash equilibrium for mixed catalog games). A strategy profile
(Al os ) € A(Pr(K1) X -+ X A(Pr(Km))
is a Nash equilibrium for the mixed catalog game
(A(Pr(K ), F)iq
ifforall j=21,2,...,m
Fi(5. 0% ) = Fj(h g, A% ), foralla; e A(Ps(K))). (38)

(Al oiAp) € A(Pr(K1) X -+ X A(Pr(Km)),

is a Nash equilibrium for the mixed catalog gae(Py (K )), F;)" 1 then for allj =
1,...,m,

max F Ci, A" )= max F;(L;, A" ) = F:(A% A% ), 39
cir i (Cj ) A Atk ) i AZ5) i( =) (39)

where

Fi(Cj, A" )_f IT;(Cj, C_pA* ,(dC_j).

Thus, foreacly =1, ... ,m,
A% Fi(Ci, A =1 40
(argCGrpfa(lX) i(Cj A% ) (40)

From the perspective of thgh firm, if the mixed catalog strategy:]’f, is the jth firm’s
part of a Nash equilibrium, then it will choose with probalilit a catalog that maximizes
Fj(Cj, AL ;) over thejth firms feasible set of catalogBy (K j)—and thus will choose an

optimal catalog given the mixed strategikgj, of the other firms’?

32 Here,

()\_j, )\:]') = ()\](_ ----- A 1s )"jv A

A_j(dCj) =[] rc.
i#]
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We begin by stating a condition, called payoff security, introduceBéryy (1999) This
condition is crucial to the existence of a Nash equilibrium in games with discontinuous
payoffs such as the mixed catalog game.

8.2.1. Payoff security (mixed strategies)
We say that the mixed catalog gafxe(Ps(K;)), F; ), 1, Is payoff secure if for every
mixed strategy profile

AL o hy) € A(PF(KD) X -+ X A(Pr(Kp)),

and every > Othere exists @ > 0and a mixed strategi@s; e A(Pp(K))),j=1,...,m,
such that

Fj(AG, h—j) = Fj(M;, 02 )) — e
for all (m — 1)-tuples of mixed strategigs_; € B(;(ALj).

Here,Bg(ALj) is an open ball of radiuscentered al’_j in the metric space of probability
measures,

A_j(Pr(K_j):=A(Pf(K1)) X --- X A(Pr(Kj-1)) X A(Pp(Kj11)) x -

X A(Pfr(Kp)).
Thus, the mixed catalog game is payoff secure if starting at any mixed strategy profile,
(A, ..., A, each firmj has a mixed strategy(,j, it can move to in order to preserve

an expected payoff of (1, A" )¢ if other firms begin to deviate from their mixed
strategiesj’ i by moving to other mixed strategies in a neighborhoo#l of. Note that if
the underlying contract spaégis finite, then the mixed catalog ganté,(Py (K ;)), F;)™ e
automatically satisfies payoff security. Moreover, the mixed catalog game will satlsfy payoff
security if for each firmj and each mixed strategy € A(Py(K)), the functionF;(4;, -)
is continuous o\ _;(Pr(K_))).

The proof of our existence result follows directly from Proposition 5.1 and Corollary 5.2
in Reny (1999)

Theorem 4 (Existence of Nash equilibrium)Suppose assumptiof®s-1)—(A-4) hold. If the
mixed catalog gameA (Pr (K ; )) F; ), 1, is payoff securgthen it has a Nash equilibrium
Ay, ...,A) € A(Pr(K1)) X -« X A(Pr(Kp)).

It follows from the competitive taxation principle that each nonlinear pricing schedule
(X;, pj(-)), is uniquely indexed by a product—price cataldge Py (K ;). Thus, the mixed
catalog game(A(P¢(Kj)), F; ] 1, blayed over product—price catalogs can be viewed as
the mixed extension of the nonllnear pricing game played over the inde®s@k,;) x

-+ X Pr(Ky). If under the Nash equilibrium profile of mixed strategies,

(Al o A0,

> Tm

product—price catalog profil&s, ..., Cy,) is chosen, then this is equivalent to choosing
the profile of nonlinear pricing schedules,

(X1, 1)) oo (Xins P ()5



F.H. Page Jr., P.K. Monteiro/ Journal of Mathematical Economics 39 (2003) 63-109 95

uniquely indexed by(Cy, ..., C,). Moreover, from the perspective of thigh firm any
catalog, say*, selected under mixed strateg}/e A(Py(K)) is such that

Fi(C%, A% ) =maxF;(Cj, A* )Cj € Py(K})
= max Fj(Aj, A" )_F(A*,A* ).
rjeA(Pr(K )

Thus, if (X* Pj *(+)) is the nonlinear pricing schedule uniquely mdexed(tij then
(X* P () is opt|mal (in an expected sense) against all the nonlinear pricing schedules
wh|ch m|ght emerge under the mixed catalog strateg1é§ adopted by theth firm's
competitors.

8.3. A class of payoff secure competitive nonlinear pricing games

In this subsection, we introduce the notion of uniform payoff security and we identify a
class of product—price catalog games such that each game in this class is uniformly payoff
secure. We then show that the mixed extension of any catalog game from this class is payoff
secure. We begin by defining the notion of uniform payoff security

8.3.1. Uniform payoff security (pure strategies)
We say that the catalog gam@Ps(K ), IT; —1! is uniformly payoff secure if for every

cr?talogc;‘ ande > 0,there exists @ > Oand acatalogﬁj € Pp(Kj),j=1,...,m,such
that

j(Cj, CL ;) = M;(C. C_j) —e.
for all (m — 1)-tuples of catalogxs/_j andC_; such thalhpfj(C/_J., C_j) <3é.
Here,hp_ (C_], C_j) is given by
_pC-j) = maxh(C;, C;) 1 i # j},

and defines a metric on the space of partial catalog profiles,

hp_,(C’

Pr(K_j) = Pg(K1) x --- X Pp(Kj-1) X Pr(Kj11) X --- x Pr(Kp).

Itis easy to see that if a catalog games satisfies uniform payoff security, then it automatically
satisfies payoff security.
Next, assume that the agent’s utility is given by

v(t, (i, x, p)) = u(t,i,x) — p, (42)
and that thejith firm’s profit function is given by
it i x, p) 1= (p — ;N 1;(0), (42)
where
) 1, ifi=
Ij(l) =

0, otherwise
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We will assume thai (-, -, -) is continuous ir(, x) and measurable inand thai(z, i, 0) <
u(t, 0, 0). We will also assume that for eacke I, the family of functions

Ui = {u(t,i,)):teT),

is equicontinuous. Thus, given any- 0, there is & > 0 then|u(z, i, x) — u(t, i, x')| < &
forallr € T. Moreover, we will assume that each firm’s cost functioft;) is bounded and
lower semicontinuous. Thus, the agent’s utility functions satisfies {Aa8) each firm’s
profit function satisfies (A-4). Note that each firm’s profit function does not depend directly
on the agent’s type.

We now have our main result on uniform payoff security for the class of product—price
catalog games described above.

Theorem 5 (Price-linear, product—price catalog games are uniformly payoff seclire).
(Pr(K})), Hj)’j’?zl is a product—price catalog game satisfying assumpti@ad), (A-2)*,
(A-3)*, and (A-4) such that the agets utility function is given by41) and each firrs
profit function is given by42),then(Ps(K;), Hj);fizl is uniformly payoff secure

Infact, it turns out that the mixed extension (P (K ;)), Fj)’;‘zl of any uniformly payoff
secure catalog gam@y(K;), Hj);'?:l is payoff secure. Thus, the mixed extension of any
price-linear, product—price catalog game satisfying (A-1), (A-ZA-3)*, and (A-4) is
payoff secure, and therefore, Bieorem 4has a Nash equilibrium.

Theorem 6 (Price-linear, mixed product—price catalog games are payoff sedifire},
(Kj), 11 j)’J’?Zl is a product—price catalog game satisfying assumpt{@ns), (A-2)*, (A-3)*,
and(A-4) such that the agerg utility function is given b4 1)and each firrrs profit function
is given by(42),then the mixed extension (P (K ), Fj)'}_;,of (Py(K ), IT))"_, is payoff
secure

Under our definition of expected potential profit (see expresgibdsand (17) above),
each firm in computing expected potential prasumeshat whenever the agent is indif-
ferent between the firm’'s catalog and the catalogs of one or more other firms, the agent
will choose the firm’s catalog (i.e. each firm assumes that ties will be broken in the firm’s
favor). Other tie breaking rules are possible. For example, we might assume that in the case
of ties the agent chooses between firms randomly, with equal probability. However, under
such a tie breaking rule, upper semicontinuity of the expected potential profit function is
lost. With the loss of upper semicontinuity, payoff security is no longer sufficient to guar-
antee the existence of a Nash equilibrium for the mixed catalog game via Reny’s result
(seeReny (1999) Corollary 5.2). Instead, we must show that the mixed catalog game is
better-reply secure-a notion also introduced iReny (1999) The mixed catalog game,
(A(Pf(Kj)), Fj ’;’:l, is said to be better-reply secure if whenever

(Ao s )y (FL o M) FLAL o A)
is in the closure of the graph of

(AL, - ) = Fij(Aa, ooy Am),
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and
(AL .o A) € A(Pp(KD) X -+ X A(Pp(Kp))

is nota Nash equilibrium, then some firfjncan secure a payoff strictly greater than
Fi(A, o A).

Thus, for some > 0, there exista’j’ € A(Py(K;)) ands > 0 such that
Fi(Ah—j) = Fj(Ag, oo hg) +

for all m — 1)-tuples of mixed strategigs_; < Bg()\/_j). As before,Bg(A’_J.) is an open
ball of radiuss centered aLLj in the metric space of probability measures,

A_j(Pr(K_j)) == A(Pf(K1)) X -+ X A(Pf(Kj-1)) x A(Pf(Kjy1)) X - -+
X A(Pr(Kp)).

In Monteiro and Page (2002\ve show that under the random tie-breaking rule described
above, any mixed catalog game (P(K)), E,);f’zl, corresponding to a price-linear,
product—price catalog gani® (K ;), 17]-)7.1:1, is better-reply secure.

Acknowledgements

The current version of the paper was presented at Advances in Game Theory and Related
Topics (Hilvarenbeek, 23-25 June 2002), PETO02 (Paris, 4—6 July 2002), The Sixth Interna-
tional Meeting of the Society for Social Choice and Welfare (Caltech, 11-14 July 2002), and
The First Brasilian Workshop of the Game Theory Society (Sao Paulo, 28 July—3 August
2002). The authors thank the participants in these conferences for many helpful comments.
The earlier version of this paper was completed while Page was visiting CERMSEM at the
University of Paris 1 and the Warwick Center for Public Economics at the University of
Warwick. Page gratefully acknowledges the support and hospitality of these institutions.
Monteiro gratefully acknowledges the support of CNPq. Both authors thank Tom Gresik
and seminar participants at Paris 1, Warwick, Washington University, and Tulane University
for many helpful comments. Both authors are especially grateful to an anonymous referee
whose thoughtful comments led to significant improvements in the paper.

Appendix
A.1. Some definitions

A.1.1. Measurability

A function f(-) defined on the measurable spdek J) taking values in some closed
bounded intervall, H] of the real numbers i§-measurable o if and only if for each
Borel measurable subsEtof [L, H] (i.e. for eachE € B([L, H]))

{zeZ: flz)y e E} 7.
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Given(i, f) € K, the real-valued function(-, i, f) is B(T)-measurable off" if and only if
for each Borel measurable subsgf,of the real numbers (i.& € B(R)),

{teT:v@i /) e E} € B(D.

The real-valued profit function;(-, -, -) defined onl" x K is B(7) x B(K)-measurable if
and only if for each Borel measurable subggtof the real numbers,

{t,i, heT xK:mt1i f) € E} € B(T) x B(K).

Here,B(T) x B(K) denotes the produet-field in T x K.
A direct contracting mechanism

t— (i), f(0)
is a(B(1), B(K))-measurable if and only if for each subget B(K),

{teT: (@, f(t) € E} € B(T).

A.1.2. The Hausdorff metric

Let d be the metric onkK and defined(f, C) := inf yccd(f, ') for f € K andC
a nonempty closed subset &f. Fori = 0,1,...,m, and P¢(K;) the collection of all
nonempty, closed subsets &f C K the Hausdorff metrig on P;(K;) is defined as
follows:

h(C, C') := max{sup;.cd(f, C'), suppccd(f', )}, forC andC’ in Pr(K;).

Fori =0, 1, ..., m convergence in catalogs, i.e. convergence in the compact metric space
(P¢(K;), h), can be characterized via the notions of limes inferior and limes superior. Let
{Cn}n be a sequence iRy (K;). The limes inferior of this sequence, denoted by,

is defined as followsy € Li(C,) if and only if there is a sequend¢,,}, in K; such that

fn € C, foralln and f, — f. The limes superior, denoted by (G,), is defined as
follows: f € Ls(C,) if and only if there is a subsequengg,, }« in K; such thatf,, € Cy,

for all k and f,, — f. A catalogC € Py(K;) is said to be the limit of catalog’,},

if Ls(C,) = C = Li(C,) . Moreover,h(C,, C) — 0 (i.e. the sequenci’,}, converges

to C € Py(K;) under the Hausdorff metrig) if and only if Ls(C,) = C = Li(C,) (see
Aliprantis and Border (1999Fections 3.14-3.16).

A.1.3. Measurability and upper semicontinuitydof
The mappingd(-, -, ..., ) defined onl’ x P is B(T) x B(P)-measurable if and only if
for each closed subsétof K the set,

{(t,C1,...,C) ET X P ®(t,C1,...,C) N F £ B},

is contained in the produet-field, B(T) x B(P). For eachr € T, the best response
mapping @(t, -, ..., -), IS hp-upper semicontinuous oR if and only if for each closed
subsetF of K the set,

{(C1,....,Cn) € P:D(,C1,...,Cy) N F # 0},

is hp-closed inP.
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A.1.4. Continuity and semicontinuity in metric spaces
Let X andY be metric spaces and lgt) : X — Y be a function. The functiog(.) is
continuous if and only if for each sequenaé}, in X converging tox € X,

lim g(x") = g(x).

If g(-) : X — [—o00, o0] is @ mapping fromX into the extended reals, thett-) is upper
semicontinuous if and only if for each sequelie®}, in X converging tox € X,

lim supg(x™) < g(x),

or equivalently, if and only if for each € (—oo, c0) the set,
{xeX:gl)=al,

is closed.
The functiong(-) : X — [—o0, o] is lower semicontinuous if and only if for each
sequencéx”}, in X converging tor € X,

liminf g(x") > g(x),
or equivalently, if and only if for each € (—oo, c0) the set,
{xeX:igk) <a},

is closed.
A.2. Proof of Theorem 1 (The delegation principle)

1= 2Let(i(-), f(-)) be a competitively viable direct mechanism. Fet 0,1, ..., m,
define
T, :={teT: i) =i}, (43)

and fori such thatl; # ¢, let

Ri:={feK:f=fr), forsome e T} (44)
Now define
. JclRri, T #£0,
Ci= { O, ifT=0 “o

where cl denotes closure.
It follows directly from definition(45) that

@i, f(t) € [(Co, C1,...,Cy), forallzeT
Thus, we have

v(t, i(D), f(H) <v*(t,Cy,...,Cyp), forallzeT
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Suppose now that for some agent type

(@, i), f)) <v*({,C1, ..., Cp). (46)
Inequality(46) implies that for agent typg, there is a 2-tuple

@, f) € M(Co, C1,...,Cn)
such that

u(t, (M), f) < (@7, f). 47)

Thus, f’ € Cy whereC; is as defined i1f45). By assumption (A-3)(iii), iff’ = 0, then we
have a contradiction since

(', i(t"), f() = v(7,0,0) > v(t', i, 0).
Suppose now that’ # 0. By the definition of the catalo@5) and the continuity of utility
v(@, -, ) onK (see (A-3)(i)), there exits some agent type T such that(i(z), f(7)) is
sufficiently close tai’, f) so that

o', (1), f(t)) < (', i@), f(D)). (48)

But inequality(48) contradicts the assumed competitive viability of the mecharigm
f(-)). We must conclude, therefore, that

v(t, i(D), f(©) =v*(, C1,...,Cp), forallzeT,
implying that
i@, f0) e &1, C1,...,Cyp), forallteT,

where theC; are the catalogs defined (45).
Suppose now that for some other catalog prafié, ..., C;,) € P, ittrue that

(i, f(t)) € @(1,Cy,...,C,), forallteT

We want to show that this implies thay; < C;. forall j = 1,...,m such that(y) = j
for somer € T. Suppose not. Then for somjeé= 1,...,m, there existsf’ € C; such
that /' ¢ C;./. Sincec;., is closed, given the construction of the catalog(see(45)), there

existst’ e T; such thatf() € C;,y = Cj, sufficiently close tof’ € C; is also not
contained ir‘C} (i.e. f(t) ¢ C},). But this implies that

(@), f) ¢ (7, Cy, ..., Cpy),

a contradiction.
The proof that 2= 1 is straightforward and thus omitted.
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A.3. Proof of Theorem 2 (The implementation principle)

A.3.1. The existence of message selection

In this subsection, we identify a set of conditions (not the only set) sufficient to guarantee
the existence of a message selection.

First, recall that a profile of indirect contracting mechanisms,

(M1, 81()), - - s (M, 8m (),

is said to be incentive compatible if and only if there exists a function,
t— (i), m(1)),

called a message selection such that

(i) t — (@), giy(m (1)) is (B(T), B(K))-measurable,
(iiy forall t € T, (i(t), m(2)) € ¥(Mo, M1, ..., M,,), and
(i) forall r € T, v(t, i(9), giy (M (@®))) = max{v(t, i, gi(m)) : (i, m) € (Mg, M1, ...,
M)}

To begin, assume that the space of all possible messdgissa metric space. Next,
assume that the profile of indirect contracting mechanisms,

((M].! gl())s ] (va gm()))»

is such that (a) each firm's message spaég, is a compact subset dff, and (b) each
firm’s message function,

gi() M;— K;,

is upper semicontinuous. We shall refer to any profile of indirect contracting mechanisms
satisfying (a) and (b) as an upper semicontinuous profile.

It follows from Theorem 2 irHimmelberg et al. (1976&hat corresponding to any upper
semicontinuous profile of indirect mechanisms there exists at leagBofig By )-measur-
able message selection,

t— (i), m(t)) € ¥(Mg, M1, ..., My,),
such that
v(t, i), giy(m(®)) = max{v(z, i, gi(m)) : (i, m) € ¥(Mo, M1, ..., My)}.

Here, By denotes the Boret-field in the compact metric spad& Mo, M1, ..., M) C
I x M. A message selectiafi(-), m(-)) is (B(T), By)-measurable if and only if for each
subsetE € By,

{teT: (@), m@) e E} € B(T).
Given any upper semicontinuous profile of indirect mechanisms the function,

t = ({0, giy(m(1)),
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is (B(T), B(K))-measurable for anyB(7), By)-measurable message selection. Also, under
assumptions (A-3), the function,

v(t, -, g(»() 1 WMo, My, ..., M) — R,
is upper semicontinuous, and the function,
U(', K g()()) T X W(MOa Ml? MR ] Mm) - R7

is B(T) x Bg-measurable.

A.3.2. Proof of the implementation principle
Proof of part 1: let

(M1, 810)), ..., (M, gm (),

be a profile ofincentive compatible indirect contracting mechanisms. Fojead, . . ., m,
define

Cj = Cl{gj(m) m e Mj}, (49)
where “cl” denotes closure. It suffices to show that for &l T,
maxv(z, i, f) : (i, /) € I(Co, C1, ..., Cim)}
= maxX{v(t, i, gi(m)) : (i, m) € ¥(Mo, M1, ..., My)}. (50)

First observe that by the definition of the catalogs given in expregdinwe have for all
teT,

max{v(t, i, f) : (i, /) € I'(Co, C1, ..., Cnm)}
> max{v(t, i, gi(m)) : (i, m) € ¥(Mo, M1, ..., My)}.

Let (i(-), m(-)) be amessage selectidor (M1, g1(-)), ..., (M, gu(+))). We have for all
teT,

u(t, i(0), i (m (1)) = maxX{v(t, i, gi(m)) : (i, m) € ¥(Mo, M1, ..., M)}
Suppose that for somée T and(i’, f') € I(Co, C1, ..., Cp)
v, i, f1) > v, (1), giwy(m(t))).

Given the definition of catalogs in expressi@®) and given the continuity of the utility
functionu(?/, -, ) onkK, it follows that for somen’ € M;,

v, i, gp(m")) > v(', i(1), giw)(m(1))),
a contradiction. Thus, equalit$0) holds for allr € T, and thus,
(i(), i(y(m())) € 3 (C1, ..., Cp).

Uniqueness of catalogs follows directly from the definition given in expregdi®)Mini-
mality follows from the proof of minimality given in the proof of the delegation principle.
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Proof of part 2: let
(C1,...,Cp) e P

be a catalog profile. Foreagh= 1, ..., m, letthejth firm’s indirect contracting mechanism
be given by

(C]7 e]())7
where
ej(~) . Cj — Kj

is simply theidentity mapping. To complete the proof, observe that the set of all message
selections from the indirect mechanism

((C1,e1()) ... (Cius €m ()

is equal to

Z(Cla MR Cm)a
the set of all competitively viable direct mechanism corresponding to the catalog profile
(Cq,...,Cp).

A.4. Proof of Theorem 3 (The competitive taxation principle)

Proof of part 1: forj = 0,1, 2, ...m, let projyC; denote the projection of cataldg)
onto X. The closed seX ; := projyC; is the jth firm’s product line. Now define thgth
firm’s nonlinear pricing schedule,

p;() 1 projyC; — D,
as follows: forx € projyC; (i.e.x an element of the projection of catal6g onto X), define
pj(x):=min{p e D: (x, p) € C}}. (51)

For each firmj = 1,2, ..., m, p;(x) is the minimum price the agent can pay for goads
from firm j given catalo¢j.33 Since each consumer’s utility is strictly decreasing in price
(see (A-3}(iv)), if the agent chooses to purchase goedsom firm j's catalog (i.e. if the
agent chooses to purchase proj;C;), then the agent will also choose to pay pricgx)
(i.e. the agent will chooser, p;(x)) € C; from firm j’s catalog).

By construction, the nonlinear pricing sched(¥g;, p;(-)), corresponding to catalag;,
is minimal in the sense that,

X :=projyCjandp;(x) :=min{p € D : (x, p) € C;}forx € projxCj.

33 Recall that forj = 0, po(0) = 0.
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Thus, for eacly, (X, p;(-)) is unique for the catalog';. Moreover, by constructiop;(-)
is lower semicontinuous and

graphp;()} € K.

To show that for each competitively viable direct mechanisit), x(-), p(-)) € Y.
(C1, ..., Cw), x() € Xi(s) and p;( (x(1)) = p() for all agent types € T, observe that for

(), x(), p()) € 22(C1, ..., Cn), (x(®), p()) € Ciy, forallz e T.

Thus,x(t) € X;(, for all z, and by construction, the nonlinear pricing schedules are such
that

piny(x()) < p(r), forallagenttypese T.
If for some agent typ€ € T,
picy(x(1") < p(),

then, because the agent’s utility is strictly decreasing in price, we would have for the type
" agent

(@, i(t), x(t'), piey (x(t) > vt i(t"), x(t), p(t))
i.e. the type’ agent would choose
(@), piy(x(t)) € C, .,
rather than
(x("), p(t)) € Ciw)
as intended by the mechanism), and thus we would have
(@), x(7), pt)) ¢ (', C1, ..., Cn),

a contradiction.
Proof of part 2: let

(X1, p1C))s ooy (Xms P (),
be a profile of nonlinear pricing schedules. For eaehl, ..., m, define
C; = cl{graphp;()}}, (52)
where “cl” denotes closure. Now I€t(-), x(-), p(-)) € > (C1,...,Cy). Forallr € T
(x(®), p(®) € Ci).

Thus, for allz € T, x(¢) € X;¢). To show thaip(r) = pi) (x(¢)) for all r € T, consider the
following: First, observe that since the agent’s utility is strictly decreasing in price, we have
forallteT

p®) =min{p € D: (x(1), p) € Cip)},
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otherwise, for somé& < T, (i(¢), x(t), p(t)) ¢ (', C1, ..., Cp). Second, observe that
by the definition of the catalog given in expressi@®), (x(t), pix (x(?))) € Ciq for
all t € T. Thus, p(t) < pip(x(®) for all t € T. Now suppose that for somé € T,
p(t') < piwy(x()). Since(x(t'), p(t")) € Ciw), by the definition of the catalogs, there
exists asequendex”, p")}, contained irC;() := cl{grapH p;(-)}} suchthatx”, p") —
(x(t'), p(t)). Again, by the definition o€, pi)(x") = p" for all n. Thus, we have

im piey (") = liminf p;) (") = p(&).

By the lower semicontinuity op;(-) on X;iy, p(t') = piw(x(@')). Thus, we have a
contradiction. We must conclude, therefore, th&d = p;«) (x(?)) forallt € T.
Uniqueness and minimality follow by construction.

A.5. Proof of Theorem 5 (Uniform payoff security for price-linear, product-price catalog
games)

Let C7 be a catalog and > 0 be given. By the equicontinuity of the sétg, there exists
ad > 0 such that

max;=2d((x;, pj), (xj., pjf)) < simpliesthat
lu(t, j.xj) — pj — (u(t, j.x5) — p5)| < 36, forallteT.
Define a new catalog?, as follows:
CL, ={(x,p—8) :(x,p) € CI, p—c1(x) = € U{(0,0)}.
Let(Co,...,Cy) and be(D>, ..., D,,) be partial catalog profiles such that
MaX<j<mh(Cj, D)) < 8.
and consider firm 1. Let
(i(), x(), p()) € 32(C1, Ca, ..., C)
be such that

[ 00 - ko)) 8 = (i o Co
T
Given the properties of the Hausdorff metric,

h(C;, Dj) <, forj> 2impliesthatforany
(xj, pj)j=2 € (D2, ..., Dy), there exists a
(%, p)j=2 € (C2, ..., Cy) such thatmaxo{d((x;, p;). (x%, p§)} < 6.

Moreover, since

(i(), x1(), p()) € 3(C1, C2, ..., Cp),
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for all j € I and for aII(x}*., pjf) € Dj, we have

u(t, j, x7) — pi < u(t, i), x(0) — p(©) + & = u(t, i(®), x(t)) — (p(t) — ¢).
Therefore, for agent types

teTr:={teT:i(t) =1}
we have

(i), x(0), p(t) — ) € &(t, C1,, C2, ..., Cpy).

Thus,
I11(C3,. C2, ..., Cp) = /T(p(t) — & —c1(x(®)) I1(i(0) du(2)

> ﬁ(P(f) —c1(x()) [1(i (1) du(r) — &
= Hl(CI, Dy, ..., Dy) —c.

A.6. Proof of Theorem 6 (Payoff security for price-linear, mixed product—price catalog
games)

Let
(Al oiAp) € A(Pr(K1) X -+ X A(Pr(Km)),

be any mixed strategy profile and consider firm 1. Firm 1's expected payoff is given by

Fi(AS, ... A5) = / M1(C1, ..., Cp)AE(dCy) - -+ - XX (dCp).
Pr(K1) % Py (Kn)

Lete* > 0 be given, We will show that there exists a mixed stratéggnd a5 > 0 such
that if

M—1= M2 X - X Uy € BS()\il)
then
F104, B2, o ) = FLOG, oL 005 — €™,

As before, Bs(1* ;) is an open ball of radiug centered ak*, in the metric space of
probability measures,

A_1(Pp(K-1)) = A(Pf(K2)) x -+ X A(Pr(Kp))-
First lete > O be given and choose cataleg € Py(K1) so that

F1(CT, A%, ... Ap) = MaXeyepy(ky) F1(C1, A5, - oo Ay) — &
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Since

maxc,ep;(ky) F1(C1, Ayeoshp) —e>= F1(A], ..., A5) — &,
we have

FI(CE 05, . A8 = F1(0G, ... A%) — e (53)
By the uniform payof[ security (UPS) property of the catalog game, gtveande > O,
there exist$ > 0 andCy such for allC’”_; andC_1 with C’_; € Bs(C_1)

My(C1, €y = Mi(CF, C-1) — .
Now observe that the collection of open balls,

{Bs/2(C-1}c_1ePr(k_1)s

where each open balk;/2(C_1), has radiug/2 > 0 and is centered &t_,, forms an open
cover of the compact metric spa®e(K_1). Thus, there is a finite subcover 8§ (K_1),
denoted by

{Bs/2(C" Dnen

whereH = {1, 2, ..., h*}.
Because.” , is a finite measure oR (K1), for each: we can choose a radiug such
that

%5 <rp<é,
such that
A*1(8B,,(C" ) =0, forallh.

Here,dB,, (C" ;) denotes the boundary of the open &) (C" ).
NowletB,, (C" ;) denote the closed ball of radiyscentered af” ;. Becauses,, (C" ;) C
Bs(C" ), by UPS we have for eadh

My(C1, C" ;) > M1(C,C_1) —e, forallC’;andC_; contained inB,, (C" ).

(54)
By the upper semicontinuity dff; on the compact metric space,
Pr(K1) X -+ X Pr(K),
for eachh € H, there exist€*" such that
My(CY. C*) = maxe 5 cn ,T(CT. Coa). (55)

Therefore, by54) and (55we have
M1(C1, C' ) > Mi(CE, C™M) —¢, forallC’ 4 € B, (C")). (56)
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Define
h*
D' = B,,(CYy), D® = B,,(C®)) \ B, (Cty)..... D" =B, (C"D\ | B, (C"y.
h=1
Thus,
[ m@cdiacy
Pp(K-1)
h*
=Y / My(C1. €' ) du-1(Cy)
Dh
h=1
h*
h
= Y [ umci et~ duac-y
h=1
h*
= Y I(C}, CPyp_a(D") —¢
h=1
h*
= Y Mi(Ci, C*)p_a(D") + (FL(5, A5, . h) — 2
h=1
- (Fl()"*s ;5 .. 7)":1) - 8))
h*
> Y M(CY, C¥)p_a(D") + (FL(Af. A5, ... A%) — 28 — F1(Ch. A5, ... A%)
h=1
h*
= Y M(C;, C*p_1(D")
h=1

h*
h=1?D"
h*
> Y Mi(CE, C¥)pu_1(DP)

h=1

h*
| RO -2 - Y /D m(C] Ty i (¢
h=1

h*
= Y M(C;, C*yp_a(D")
h=1
h*
+ | FLOG A5, . A — 26— Y T (Cy, CPa* (D)
h=1

> F1(A, A5, o M%) — 26 — ¥ T |eomaX, —1(D") — A% 1 (DM)].
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Since the boundary ab” has measure zero for dll| for anye > 0 we can choose a
Ye > Osuchthatifu_; € B, (A* ), then

lu_1(D") =2 ((DM)] < &,

(seeAsh (1972) p. 196, Theorem 4.5.1(c)). Thus, we have fonalh € B,, (A*,),

F1(C1, p—1) = / M(C1, € ) dp_1(C 1) = Fi(A}, ..., A%) — 3e.
Pr(K-1)

Let A} € A(Py(K1)) be such that
MG = 1.
Then we have

Fj_()\.a_, U2, ooy m) = F1(A], ..., A0) —3e, forallu_q € Byg()»il).
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