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Abstract: This paper presents a closed-form asymptotic variance-covariance matrix
of the Quasi-Maximum Likelihood Estimator (QMLE) for the GARCH(1,1) model.
The robust ‘sandwich’ asymptotic variance matrix is shown to be a product of the
function of higher moments of innovation and the inverse of negative expected
Hessian, whose closed-form in terms of only model parameters is then derived via a
local approximation. Taking inverse of it, the variance-covariance matrix is readily
obtained. A Monte Carlo simulation experiment demonstrates that this analytical
formula works well for both normal and non-normal innovations in admissible
parameter regions.
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1. INTRODUCTION

The GARCH(1,1) model has become a benchmark in modeling time-varying
volatility since its introduction by Bollerslev (1986). Despite its wide applications in
both academia and industry, there has not yet been a closed-form asymptotic variance
for its estimator in the stationary region'. This paper works out a closed-form
asymptotic variance matrix for the GARCH(1,1) QMLE in terms of only model
parameters in stationary region.

The general consistency and asymptotic normality of the GARCH(1,1) QMLE
have been well established by Bollerslev and Wooldridge (1992), Lee and Hansen
(1994), and Lumsdaine (1996), which will be briefly discussed in Section 2. In
section 3, it is shown that the robust asymptotic variance-covariance matrix for the
GARCH QMLE is simply the product of a function of higher moments of innovation
and the inverse of negative expected Hessian. A local approximation is taken in the
expected Hessian matrix and consequently, the derivation breaks down to those of the
auto-covariance and cross-covariance structures for squared variables, which are then
derived. This results in a closed-form expected Hessian, taking the inverse of which
the asymptotic variance-covariance matrix is readily obtained. In section 4, a Monte
Carlo experiment is conducted to show that this formula works very well for
admissible parameters. Section 5 concludes.

2. THE ASYMPTOTICS OF GARCH(1,1) MLE

An archetype GARCH(1,1) model may be written as:

e=+h ¢ (1)

h, =a)+a'5;_12+,8'ht71 2

Here, the mean of equation (1) is set to be zero without loss of generality since the
information matrix is block-diagonal (see Bollerslev (1986)). ¢, is independently

and identically distributed with zero mean and unit variance, i.e., i.i.d.(0,1), with finite
higher moments (see Lumsdaine (1996) for details).
Write up the log-likelihood function:

L(O)=T"21() 3)
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Where, 6 =(w,a,f) and éT maximizes the quasi log-likelihood function for a
given sample data {g,&,,-:-,&;} and therefore is the QMLE. Note if & is
normally distributed, ér becomes MLE. In practice, the evaluation of (3) and (4)
conditions upon an initial assignment of 4,. The difference of various choices of

! Kristensen and Linton (2006) provide a closed-form estimator alternative to the (Q)QMLE. Jensen and Rahbek
(2004) obtain a ‘nearly’ analytical variance for non-stationary GARCH since their result still involves expectations
of a nonlinear form of innovation, which gives a lower bound for the variance of stationary GARCH.



h,, however, is negligible asymptotically given a stationary and ergodic underlying

process.
The Gradient at each time ¢ of the log-likelihood function is:

oh, 1 &’
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By law of iterated expectation we have a standard result (see Bollerslev and
Wooldridge (1992)):

E[s,(0)]=0 (6)
The Hessian at each time ¢ is given by:
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Again by law of iterated expectation, we have (see Engle (1982)):

1 Oh, Oh,
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Lumsdaine (1996) proves the consistency and asymptotic normality of the QMLE
by assuming a compact and convex parameter space along with a strict stationarity
and ergodicity condition for the GARCH(1,1) model, derived in Nelson (1990):

Elln(f+a-&H]<0 )

To have a well-defined finite unconditional volatility, I further impose a stronger
restriction as in Bollerslev (1986):

a+p<1 (10)
One can easily verify that condition (10) along with the assumption that &, has unit

variance is sufficient to derive condition (9) via Jensen’s inequality.
The asymptotic result for the QMLE is given by:
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Where 6, is true parameter value;/, is negative expected Hessian evaluated at 6, :
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And
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Plug (5) into (13) we can easily derive:
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Here. - B2 =D s o _
ere, K = ! H <™. Note if £, is normally distributed, then x=1. For

fat-tailed distributions, x 1is typically greater than 1.
Therefore, we have:

n A
70, -6,)~N(0,x-1,") (15)

Again, if &, is normally distributed, the asymptotic variance is simply the
inverse of information matrix. For non-normal distributions, however, the variance
needs to be adjusted by a scale «.

By recursion and assuming the process extends infinitely far into the past, we
have the analytical result:
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Note Fiorentini, Calzolari and Panattoni (1996) derive the first and second derivatives
in GARCH models, which include this specific result. Combine results (12) and (16)
to get the symmetric and positive definitive matrix [:
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Next, I take a local approximation for each element in the neighborhood of small
a to avoid taking the expectation of a nonlinear form. After all, most empirical work
adopting GARCH(1,1) estimation end up with an estimated ¢ ranging roughly from
0.05 to 0.10; see, e.g., Zivot (2008) and reference therein. Take the element /(1,1) for
illustration purpose:

(Zﬂi—l)Z i i ,
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Note here the approximation is valid given each element is bounded on the
parameter space. In this way, we can deal with only the linear part on the numerators.
It is easy to derive the analytical expressions for the numerators of /(1,1), /(1,2) and
1(1,3). Next, I show how to derive those of 1(2,2), 1(3,3) and 1(2,3).

3. THE DERIVATION OF A CLOSED FORM INFORMATION MATRIX

To derive analytical expressions for the numerators of 1(2,2), 1(2,3) and 1(3,3), we
need to work out the auto-covariance and cross-covariance structures for {&’},{h }.
To see why, express out the terms:

E(Zﬁej O AT 39 WAL (19)
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The derivation of the auto-covariance structures for {g’},{h,} starts from the
ARMA(1,1) representation for the GARCH(1,1) model:

el =w+(@+p) e +w —pw,, (22)
Where innovation w, = h (£ —1) is a Martingale Difference Sequence (MDS):
[w, [1,,]=0 (23)

Here {/,} denotes the information filtration and w, is adaptedto /,.

Furthermore, notice that {4,} has an AR(1) representation:

h =w+(a+p)-h_ +ow,, (24)



Note that 4, isadaptedto 7, .

The assumption (10) implies a finite unconditional variance for ¢,:

P [

= <®
l-a-p

; (25)

However, for the existence of a finite fourth moment, we need to impose one more
restriction for parameter space as derived in Bollerslev (1988):

3 +2af+ B <1 (26)
Under this restriction, we have:

Ele]=3E[h] = So'(Lvatf) @7)
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And the following autocorrelations for both {¢’} and {h }:
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These autocorrelations have also been independently derived in Bollerslev (1988) and
Kristensen and Linton (2006). One can derive them following Harvey (1993,
Chapter 1). He and Terasvirta (1999) also work out the general fourth moment
structure of a squared GARCH process.

Manipulating by the standard formulas for expectation, covariance and variance,
summing up the geometric series, and plugging in the expressions for the second and
fourth moments, I obtained the closed forms of (19) and (20) (See Appendix for
details):

E(wﬂ,-lgtizj _ a); [ 3(12+a+ﬁ) , 2ﬁ2]
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Lastly, to derive the analytical expression for (21), I transform the
cross-covariance between {¢’} and {A,} to known auto-covariance of {&’} and
{h,} by taking advantage of the MDS property of w, (See Appendix for details).

These results, along with the previous work, allow us to derive the following closed
form expression for the numerator of 1(2, 3):
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To finish this section, I list the results for numerators of /(1,1), 1(1,2) and 1(1,3):
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The above derivations result in a closed-form negative expected Hessian in terms
of only model parameters, taking the inverse of which, one can obtain the asymptotic
variance-covariance matrix after re-scaling it with constant x. The constant x
can either be pre-specified if a priori information is available or easily estimated from

&
4. MONTE CARLO SIMULATION EXPERIMENTS

To evaluate how well this analytical formula works, I carry out two set of Monte
Carlo simulation experiments. In the first experiment &, is drawn from a normal

distribution and so the estimator is MLE. In the second experiment, &, is drawn

from a standardized student-¢ distribution with degree of freedom 10 and this
corresponds to evaluating the variance of QMLE. The sample size is fixed at 7 =
1000 and 6 sets of parameter values are chosen for each experiment:

@ 1 1 1 1 1 1
a |=|0.05}, 0.10 |,| 0.05 },| 0.10 |,| 0.05 |,| 0.10
B 0 0 0.5 0.5 0.8 0.8

The negative expected Hessian matrix based upon the simulations is computed by
averaging the realized matrices across the simulated data paths for each set of
parameter values. The variance matrix based on numerical procedure is obtained by
inverting this average of realized negative Hessian. The number of simulations is set
to be 100,000. Table 1 and 2 give the performance comparisons of the variance
matrix for both normal and student-# innovations. Overall, the analytical formula
works fairly well, especially when the innovation comes from a normal distribution.
There is, however, a tendency of deterioration as « gets larger. Note, also,
although the analytical result (15) states the fact that the innovation drawn from a



fat-tailed distribution ought to give a wider confidence interval than those from a
normal distribution, numerical evaluation based on the ‘sandwich’ formula somehow
does not seem to produce this correction. This may be due to the fact that the finite

sample difference between the inverse of negative expected Hessian (/,') and the

expected inner product of score (C, ) is more than just the scalar « .

5. CONCLUSION

In this paper, I derive an analytical asymptotic variance-covariance matrix for the
GARCH(1,1) QMLE. The derivation relies on a local approximation and the Monte
Carlo simulation experiments demonstrate that this formula works fairly well in the
admissible parameters region.
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Appendix
1. The Derivation of (30) and (31):
By standard formulas, we have:

2

E[gle} 1= Cov(s} &)+ E[s] |E[&,]
= pVar(e})+(E[£]])’ (A.1)
= p,(E[e}1-(E[}1)") + (E[¢] 1)

Plug (A.1) into (19) and Sum up the infinite geometric series to get:

=1E_[£] ZZﬂ’ 'E[elel,] (A.2)
S8 L 23 B L - ELS D) B
-] lfﬁ,z {E[aﬁ]%—w[eﬁ)z Ay

Plugging in the expressions for E[g'], p{>, and E[g’], one can obtain (30).
Likewise, (31) is derived.

2. The Derivation of (31):
By MDS property of w,, we have:

Elw_ -h_1=0= E[(e’,—h_)h_1=0= E[e’ h_]1=E[h’,] (A.3)

Here, notice that 4, , isadaptedto 7/, ,
Applying the law of iterative expectation, we have the following result:

Elw,, +h_1=0= E[(¢, —h,_)h,_1=0= E[e’ h_]1=E[h_h,_1i=23" (Ad)

In the same way, we can derive:

E[w, &21=0= E[(¢’, —h_)&>.1=0= E[h_&>, 1= E[e’ &’ 1,i=23, (A.5)
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Table 1. Comparison of the Asymptotic Variance-Covariance Matrix
When Innovation is Normally Distributed

Parameter Closed—l‘?orm Expr§ssion S.E Numer'ical Evalugtion S.E Differqnce of
Values Variance Matrix o Variance Matrix o S.E.in %
W 1 0.4421 | 0.0000 | -0.4179 0.6649 | 0.4418 | -0.0003 | -0.4177 0.6647 -0.03%
a 0.05 - 0.0010 | -0.0010 0.0315 - 0.0014 | -0.0009 0.0370 17.15%
B 0 -- -- 0.3980 0.6309 -- -- 0.3977 0.6307 -0.03%
W 1 01222 | 0.0000 | -0.1078 0.3496 | 0.1224 | -0.0004 | -0.1080 0.3499 0.08%
a 0.1 -- 0.0010 | -0.0010 0.0313 -- 0.0017 | -0.0009 0.0412 31.50%
B 0 - -- 0.0980 0.3130 -- -- 0.0981 0.3132 0.07%
1) 1 0.7215 | 0.0112 | -0.3347 0.8494 | 0.8180 | 0.0146 | -0.3818 0.9044 6.48%
a 0.05 -- 0.0009 | -0.0059 0.0300 -- 0.0013 | -0.0077 0.0354 17.93%
B 0.5 - -- 0.1566 0.3957 - -- 0.1795 0.4237 7.06%
0] 1 0.1930 | 0.0054 | -0.0814 0.4393 | 0.2403 | 0.0085 | -0.1038 0.4902 11.57%
a 0.1 -- 0.0009 | -0.0031 0.0300 -- 0.0015 | -0.0047 0.0391 30.26%
B 0.5 - - 0.0356 0.1887 -- - 0.0462 0.2149 13.91%
0] 1 0.4996 | 0.0093 | -0.0837 0.7068 | 0.5741 | 0.0118 | -0.0976 0.7577 7.19%
a 0.05 -- 0.0005 | -0.0019 0.0230 -- 0.0007 | -0.0024 0.0266 15.93%
B 0.8 - - 0.0145 0.1203 -- - 0.0171 0.1307 8.59%
W 1 0.1413 | 0.0038 | -0.0171 0.3759 | 0.1795 | 0.0060 | -0.0239 0.4236 12.71%
a 0.1 -- 0.0004 | -0.0008 0.0208 -- 0.0008 | -0.0013 0.0280 34.85%
B 0.8 - -- 0.0025 0.0503 -- -- 0.0037 0.0606 20.65%




Table 2. Comparison of the Asymptotic Variance-Covariance Matrix
When Innovation is Drawn from Student-z Distribution with Degree of Freedom 10.

Parameter Closed—Eom Expr§ssion S.E Numer'ical Evalugtion S.E. Differqnce of
Values Variance Matrix o Variance Matrix S.E.in %
1) 1 0.5985 | 0.0000 | -0.5658 0.7737 | 0.3494 | -0.0004 | -0.3277 0.5911 -23.60%
a 0.05 - 0.0014 | -0.0014 0.0367 -- 0.0014 | -0.0008 0.0374 1.91%
B 0 - - 0.5388 0.7340 -- -- 0.3111 0.5578 -24.01%
10 1 0.1485 | 0.0000 | -0.1310 0.3853 | 0.0993 | -0.0007 | -0.0857 0.3152 -18.19%
a 0.1 - 0.0012 | -0.0012 0.0345 -- 0.0020 | -0.0008 0.0445 28.99%
B 0 - -- 0.1191 0.3450 -- -- 0.0774 0.2782 -19.36%
w 1 1.0823 | 0.0168 | -0.5021 1.0403 | 0.7902 | 0.0148 | -0.3690 0.8889 -14.55%
a 0.05 - 0.0014 | -0.0089 0.0367 -- 0.0013 | -0.0079 0.0363 -1.09%
B 0.5 - - 0.2350 0.4846 -- -- 0.1738 0.4169 -13.97%
w 1 0.2895 | 0.0081 | -0.1221 0.5380 | 0.2471 | 0.0094 | -0.1070 0.4971 -7.60%
a 0.1 -- 0.0014 | -0.0047 0.0367 -- 0.0018 | -0.0052 0.0422 14.99%
B 0.5 - - 0.0534 0.2311 -- - 0.0479 0.2189 -5.28%
w 1 0.7494 | 0.0140 | -0.1256 0.8657 | 0.5652 | 0.0121 -0.0964 0.7518 -13.16%
a 0.05 - 0.0008 | -0.0029 0.0282 -- 0.0008 | -0.0025 0.0276 -2.13%
B 0.8 - - 0.0218 0.1473 -- - 0.0170 0.1303 -11.54%
w 1 0.2120 | 0.0057 | -0.0257 0.4604 | 0.1878 | 0.0066 | -0.0253 0.4334 -5.86%
a 0.1 - 0.0006 | -0.0012 0.0255 -- 0.0009 | -0.0015 0.0304 19.22%
B 0.8 - - 0.0038 0.0616 -- -- 0.0040 0.0630 2.27%
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