GRADIENT BASED SMOOTHING PARAMETER SELECTION FOR
NONPARAMETRIC REGRESSION ESTIMATION*
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ABSTRACT. Data-driven bandwidth selection based on the gradient of an unknown regression func-
tion is considered. Uncovering gradients nonparametrically is of crucial importance across a broad
range of economic environments such as determining risk premium or recovering distributions of
individual preferences. The procedure developed here is shown to deliver bandwidths which have
the optimal rate of convergence for the estimation of gradients. We provide a detailed theoretical
account of this new approach to smoothing parameter selection. An important additional advan-
tage of our proposed method over the conventional cross-validation bandwidth selection method is
that our approach overcomes the tendency of traditional data-driven approaches to engage in under
smoothing. Both simulated and (several) empirical examples showcase the finite sample attraction

of this new mechanism.

1. OVERVIEW

The success of nonparametric estimation methods hinges critically on the level of smoothing
exerted on the unknown surface. Given this importance, a large literature has developed focusing on
appropriate selection of the smoothing parameter(s) for both density and conditional mean settings.
However, it is not entirely clear that the methods developed for recovering optimal smoothness levels
are the proper surrogates when interest instead hinges on the derivative of the unknown function
or density. Applications include the characterization of submicroscopic nanoparticles (Charnigo,
Francoeur, Kenkel, Mengiic, Hall & Srinivasan 2007), inferring the chemical makeup of a sample of
unknown composition (Charnigo, Hall & Srinivasan 2011), estimation of marginal willingness to pay
within a two-stage hedonic regression (Bajari & Kahn 2005, Heckman, Matzkin & Nesheim 2010)
analysis of human growth data (Ramsay & Silverman 2005) and investigating simple turbulent
flows in fluid physics (Overholt & Pope 1996).

The importance of appropriate smoothness selections for higher order derivatives was illustrated
by Wahba & Wang (1990) who showed in the smoothing spline setting that the ideal smoothing
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2 GRADIENT BASED CROSS-VALIDATION

parameter depends on the order of the derivative. Yet, standard selection methods are designed
strictly around the fit (0'") of the density or function. A small strand of literature has devel-
oped focusing attention on smoothing parameter selection when interest hinges on a higher order
derivative. Within this literature there exist several different approaches to construction of the
bandwidth. The simplest approach is the factor method, which adjusts a bandwidth selected for
the conditional mean by a known constant, depending upon the kernel, to obtain a good bandwidth
for estimation of the ¢*" order derivative. The analog to traditional data-driven methods (such as
cross-validation) has been extended using empirically constructed noise-corrupted derivatives to
replace the oracle inside the criterion function. A third approach that has emerged has been to
create plug-in approaches.

Each of the existing methods leaves something to be desired in traditional multivariate, mixed
data settings. The factor method requires bandwidth selection on the conditional mean followed by
calculation of a scaling factor dependent upon the kernel function which for different kernels with
mixed data can be tedious. The calculation of noise-corrupted derivatives also requires calculation
of the number of neighboring observations to construct the estimate prior to minimizing the criterion
function. In high dimensional settings this may not be feasible. Lastly, the plug-in approaches, while
having desirable theoretical properties require the calculation of numerous unknown quantities,
which is further compounded in high dimensional settings. The framework laid out here does not
require adjustment, calculation of noise-corrupted derivatives or unknown quantities related to the
underlying data generating process. The method also does not hinge on a pilot bandwidth or set
of estimates being supplied to the criterion function, making the process streamlined.

To develop the intuition for existing approaches we explain in greater detail the setup for smooth-
ing parameter selection for higher order derivatives. Consider a d-dimensional multivariate non-

parametric regression model

y; = 9(x;) +uj = g(xj1, ..., vjq) + uj, Jj=1...,n (1)

Rice (1986) was perhaps the first to propose a method for selecting a smoothing parameter optimal
for construction of the ¢'"-order derivative of g(x). Rice’s (1986) focus was univariate in nature.
A differencing operator was suggested in Rice (1986) though it was not formally defined and the
criterion proposed was a nearly unbiased estimator of mean integrated squared error (MISE) be-
tween the estimated ¢*P-order derivative and the oracle. Building on the insight of Rice (1986),
Miiller, Stadmiiller & Schmitt (1987) used the noise-corrupted suggestion to select the bandwidth
based on the natural extension of least squares cross-validation (LSCV). Miiller et al. (1987) also
formally proposed a ¢''-order differencing operator for calculating noise-corrupted observations of
the gradients. Noting that the differencing operator deployed by Miiller et al. (1987) possessed a
high variance, Charnigo et al. (2011) proposed a ¢'"-order differencing operator with more desir-
able variance properties as well as a generalized C), criterion to be used for selecting the optimal

smoothing parameter.
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As an alternative to constructing noise-corrupted observations of the desired gradients, Miiller
et al. (1987) proposed a simpler approach by adjusting a bandwidth selected for g(x) to account
for the fact that the bandwidth needs to converge slower. The interesting aspect of the factor
method is that, in the univariate setting, the ratio between the asymptotically optimal bandwidths
for estimation of g(x) and ¢(?)(z) depends on the kernel. Using this fact, Miiller et al. (1987) were
able to recover an optimal bandwidth for ¢(9)(z) eschewing difference quotients. Fan & Gijbels
(1995) used this insight to first construct a plug-in estimator for the conditional mean and then
adjust this bandwidth to have an optimal bandwidth for the ¢'" derivative of the conditional mean.

Beyond the factor method, Fan & Gijbels (1995) also proposed a two-step bandwidth which
consists of using the factor method, plug-in bandwidth to then construct empirical measures of
the bias and conditional variance of the local polynomial estimator. The unknown terms within
the bias and variance are replaced with estimates using the factor-method bandwidth. Once these
measures are constructed, the final bandwidth, termed the refined bandwidth, is found by mini-
mizing integrated mean square error. Fan, Gijbels, Hu & Huang (1996) show that this bandwidth
selection mechanism has desirable properties both theoretically as well as in simulated settings.
The approach can also be adapted to find local bandwidths instead of a single, global bandwidth.

As an alternative to the factor method, plug-in and refined bandwidths proposed by Fan & Gijbels
(1995), Ruppert (1997) developed empirical-bias bandwidth selection (EBBS). A key difference
from Ruppert’s (1997) approach is that instead of fitting a higher-order local polynomial to obtain
estimates for unknown components in the bias expansion for §(?(z), he instead estimates ¢? (x)
for several different bandwidths, then uses least squares to fit a Talyor expansion to estimated
the unknown components of the bias. Ruppert (1997) uses the same estimate of the exact, small
sample conditional conditional variance as found in Fan & Gijbels (1995), thus the key difference
is in the construction of the bias. To understand the differences in estimating the unknown bias
components, if one were interested in the first derivative of a two covariate regression function
(using local quadratic regression), the Fan & Gijbels’s (1995) bandwidth selector would require
estimation of at least a 15 variable local quartic whereas the method of Ruppert (1997) would only
require estimation of (several) six variable local quadratic procedures. The differences become even
more stark as the dimensionality and/or the order of the derivative required increases.

The approach developed in this paper does not rely on the construction of noise-corrupted
observations of the appropriate gradients, an adjustment factor, or the calculation of finite sample
bias and variance. Rather, we begin with the oracle least-squares cross validation setup for §(1)(:L‘)
as in Miiller et al. (1987), with a local linear estimator. We then derive a simplification of this
expression where unknowns are replaced with their local constant counterparts. This yields an
expression which can be minimized and depends on a single set of bandwidths. Since we require
only the order of the local polynomial to be one degree higher than the desired derivative, we also
realize the reduction in computational burden noted in Ruppert (1997) over. Furthermore, the
framework here is firmly entrenched in the criterion based, data-driven arena as opposed to plug-in

approaches.
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The remainder of the paper is as follows. Section 2.1 gives a cursory discussion of our cross-
validation procedure through the lens of a simple univariate example. Section 2.2 provides the
formal details of our new cross-validation procedure and the asymptotic justification for our pro-
posed method. Section 3 contains a set of small sample simulations to show the performance of
GBCYV relative to LSCV for estimation of derivative functions. Section 4 provides a traditional,
applied econometric application of our bandwidth selection mechanism to the study of the pub-
lic/private capital productivity puzzle while Section 5 concludes. Proofs of the theorems and the
requisite lemmata appear in Appendices A and B with Appendix B available from the authors upon
request.

2. THE GRADIENT BASED CROSS-VALIDATION METHOD AND ITS ASYMPTOTIC BEHAVIOR

2.1. Cursory Discussion of Cross-Validation and Two Illustrative examples. In this sec-
tion we provide an illustrative example to show the conventional LSCV method supplies bandwidths
which often lead to estimated regression curves that are too wiggly. In other words, they lead to
too much variation in the gradient estimates. Our proposed method delivers bandwidths which

result in much smoother fitted curves. Consider a univariate nonparametric regression model

y;j = g(x;) + uy, j=1,...,n. (2)

To operationalize a nonparametric kernel estimator for the conditional mean function g¢(-), a
smoothing parameter must be selected. The LSCV approach aims to minimize the sample analogue
of estimated mean square error, i.e., select h to minimize Cy(h) = n™1 3" [g(z;) — gn(z:)]?, where
gn(x;) is a kernel estimator of g(x;) that depends on the smoothing parameter h. In practice, one
replaces the unknown function g(z;) by y;, and to avoid over-fitting, one also needs to replace gy, (z;)
by a leave-one-out version of it, say §—; n(x;). Then one minimizes Co(h) = n=1 Y0 [yi—g—in(2:)]?
It can be shown that the leading terms of Cy(h) and Ca(h) are the same, so asymptotically, the
LSCV method selects a smoothing parameter that minimizes the asymptotic estimated mean square
error. Approaches like this are designed to choose smoothing parameters which yield the best fit
without any regard for the gradient functions. Hence, minor changes in the fit can often lead to
major changes in the estimated gradient(s). Let f(x) = dg (x) /Oz, the derivative function of g(x).
In this paper we want to select i to minimize C5(h) =n=t 3" [B(xi) — B ()2, where By (z;) is a
kernel estimator of 3(z;). Our problem poses more difficulty than the conventional LSCV problem
as there is no obvious substitute for §(x;) in C3(h). We will show in section 2.2 how we can resolve
this difficulty.

An area of interest for the gradients is the hedonic price literature. Within this literature
interest in the gradients stems from the fact that for structural policy analysis to be conducted the
gradients of the hedonic price function need to be recovered to assess how they change across markets
based on utility. For this simple illustration we use a subset of the hedonic housing price data of

Anglin & Gengay (1996), which was studied in a nonparametric context by Parmeter, Henderson
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& Kumbhakar (2007).! Focusing on the relationship between the change in housing price (price is
measured in 100,000 Canadian Dollars) and the size of the lot the house resides on (in 10,000 feet
squared), we expect to see a monotonically increasing relationship, implying that the estimated
gradient should be everywhere positive. Figure 1 provides the conditional first derivative plots
using the two competing data-driven approaches. The LSCV bandwidth produces an estimated
gradient curve which is wiggly throughout the range of the data and repeatedly changes sign. It
is difficult to give a meaningful economic interpretation of the many ups and downs of the fitted
curve. In contrast, our GBCV method produces a smooth, almost constant, estimated gradient.?
This estimated relationship is consistent with prior expectations.

While limited in scope, this simple example serves to underscore that while bandwidths obtained
via LSCV possess well known optimality properties and are widely used by applied researchers, it is
not uncommon to arrive at bandwidths which turn the focus away from the unknown relationship
of interest and more on explaining the rapid fluctuations produced by the ‘selected’ smoothing

parameter.

FiGURE 1. Hedonic housing price data estimated with local linear least-squares.
Each curve is constructed using a second-order Gaussian kernel. The solid line uses
a smoothing parameter of A = 0.0272 obtained via LSCV while the dashed line uses
a smoothing parameter of h = 1.0139 obtained via GBCV.
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IWe consider houses which have less than 15,000 square foot lots.

2The scale of the figure precludes a more detailed understanding of the GBCV estimated gradient, however the
estimated gradient using the GBCV bandwidths declines smoothly from .72 to 0.64.
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2.2. The Gradient Based Cross-Validation Function. In this section we describe our gradient
based cross-validation method. Consider a d-dimensional multivariate nonparametric regression
model

y; = 9(x;) +uj = g(xj1, ..., Tja) + uj, j=1...,n (3)
Denote the d x 1 vector of the first derivatives of g(z) by S(x):

889(60)

def Og(x o
sy 2|
9g(x)

Ooxg

and define a (d+ 1) x 1 vector §(x) by

where the first component of §(x) is g(z) and the remaining d components are the first derivatives

of g(x). Taking a Taylor series expansion of g(z;) at x;, we get
g9(x;) = g(z:) + (x5 — z:)" B(z:) + Ry, (4)

where the superscript 7 denotes the transpose of a matrix, and Rj; = g(x;) —g(xi) — (v, — ;)T B(z;).
Using (4) we can re-write (3) as

yj = g9(x;) + (xj — 2) T B(@:) + Rji +uj = (1, (v; — 2:)") 8(xi) + Rji + uy.

The local linear estimator of §(x) = (g(z), 8(z)")T is obtained by choosing (a,b”)T € R to
minimize the following objective function

n

min » [y; —a = (z; —2)"b]* Whja, (5)
b j:l

where W), j, = Hle hytw (z’shi:ms) is a product kernel function, w(-) is a univariate kernel function,
zjs and x4 are the st" components of x; and x, respectively, and h is the smoothing parameter
associated with the s component of z, s = 1, ..., d.

The first-order condition (normal equations) to the minimization problem (5) is:

Z[yja(ij)Tb}( ! )Wh,szo, (6)

=1 iL'j — X

which leads to the closed form solution of d(z) = (a,b7)T = ), B(x)T)T given by

A:L' _ Q(gj) _ . ) L, (xj_x - .
o) <5(w)> 2 Whie <x]~—x, (2 - 2)(a; — )" g ’Jw<j—w>yf'
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A leave-one-out local linear kernel estimator of d(x;) is obtained by replacing « with z; and replacing

Z?:l by Z;;sz
O_i(z;) = q_l(xl) = 3 Wh.ji ( ; o > y Wh,ji ( 1 > E
( ) <6Z($Z>> [; " Lj — Ti, ({17]' - {Ei)(ij - ‘ri)T ; o Tj— Yi

where W), j; = H§:1 hilw((xjs — wis)/hs)-

Define two column vectors e; = (1,0154)" and eg = (0, 1T where 01,4 is a 1 x d row vector

(8)

of zeros, and ¢ = (1,...,1)7 is a d x 1 vector of ones. The leave-one-out kernel estimators of g(z;)
and f(x;) are given by g_;(z;) = egg,i(xi) and f_;(z;) = egg,i(xi), respectively.

We will choose h = (hy, ..., hg) to minimize a feasible version of the following (infeasible) cross-
validation objective function:

Colh) = + S 11Bs(as) = Blan) [PM (), (9
=1

where ||A||2 = AT A for a d x 1 vector A and M(-) is a compactly supported weight function that
trims out observations near the boundary of the support of x;. The objective function Cy g(h)
defined in (9) is infeasible because [(z;) is unobservable. Below we will derive a feasible quantity
that mimics (9).

2.3. A Feasible Cross-Validation Function. We first re-write (8) in an equivalent form. In-
1 0
serting the identity matrix Iy ; = G, 'G, into the middle of (8), where G, = <O’ DQ)’
» h
D;? = diag(h;?) (a d x d diagonal matrix where the s diagonal equals h;2), and note that
AYB, = AYGLYGL B, = (GrAy) G By, we obtain

- -1
A 1 1
o_i(zy) = Z Wh jiGn (:v B a;) (1, (zj —z:)7") Z Wh,jiGn (az _ a:) Yi

i j i j

- -1

1 (z; —x)T 1
= Wh’ i _ _ I Wh, i _ Yj-
; ’ (DhQ(fL’j —a;) Dy —a)(x - l‘z‘)T> ; ’ (Dh2(fﬂj - l‘z’)) ’

(10)
The advantage of using (10) is that, conditional on z;,
1 (z; —x;)T
-1 J ?
n Whii | -2 2
; (Dh (zj — ;) Dy*(xj — i) (zj — ;)"
converges in probability to a non-singular matrix. Hence, we can analyze the denominator and

numerator of (10) separately and this simplifies the derivations substantially.
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Recall that Rj; = g(z;) — g(x;) — (zj — ;) B(x;). We can write y; as

y; = g(a:j) +u; = g(l’l) + (:L‘j — JJZ)TB(CL'Z) + Rji + uy
= (1, (z; — JSZ)T> (Ziii) + Rji + uj. (11)

Substituting y; in (10) with (11), leads to
S_Z(JZZ) = (5(1’1) + A2_Z»1A1i,

where
Ay = 1 ZWh,ji ( 9 ! ) [Rji + uj], (12)
n 4 D, (x5 — x3)
and
; T
Ao = (D;;il’j’u D?%m) ’ (13)

where fz =n! Zj;éi Wh,jia By = n~! Zj;éi Whyji(ib‘j — $i), and By; = n~t Zﬁéi Wh,ji(xj - .TUZ)(.%] —
z;)T.

Recall that eg = (0,:7)7, is a (d + 1) column vector whose first element is zero with all other
elements are equal to one. Therefore we have [_;(x;) = er‘/gs_i(ati) = [(zi) + egAz_ilAu. Re-

arranging terms we obtain
Boi(w;) — Blag) = 65142_7;11411'- (14)

Ayg; is observable but Aj; is not. Below we will find a consistent estimate of Aj;. From (12) we

know that we need a consistent estimate of Rj; + u;. Notice that
Rji +uj = g(x;) — g(xs) — (w5 — )" B(we) + vy = yj — g(:) — (25 — 3) " Blai). (15)

The above quantity can be consistently estimated by nonparametric (leave-one-out) estimators of
g(z;) and B(z;), say §_i(z;) and B_;(x;). Then we can estimate Aj; by

. 1 1 ~ 3
A== Wi (D—2 ) [yj — g-ilzi) — (x5 — ﬂfi)Tﬁﬂ'(%)} ' (16)
n G h (xj - wl)
One may be tempted to use the local linear estimators to substitute the nonparametric estimators
G—i(x;) and B_;(z;) in (16). However, this will not work as (16) are the normal equations for the
local linear estimators (see 6). Hence, (16) becomes identically zero if one replaces §_;(x;) and

B_i(x;) in (16) by the local linear estimators §_;(2;) and S_;(x;). In this paper we propose to use
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the local constant estimates to substitute §_;(z;) and S_;(z;) in (16), i.e.,

Goilz) = ”_12?;&1‘ YiWh,ji (17)
—1 7 - _ )
nt Y0 Whji

> [n_l > iz YiWh i (n~! Dl YiWhi)(n! > i Wh i)

Bi(z;) =

=ty Whie (=1 320 Whoii)?
_ n=? D izi i Wi = Y)Wy ;Wi (1)
TS )2 ’

where W} ;i 1s ad x 1 vector, its sth element is given by (s = 1,...,d)

0 1 [ xj—x 1 Ow(u)
Wf,l,ji,s = 8.’1) Wh,ji = - H ht w ( ht ) ﬁ 8’[1, |u:(rjs—zis)/hs-
18 t;ﬁs S
Hence, substituting (14) into (9), and replacing A;; by Ay; defined in (16) with §_;(2;) and
B_i(x;) defined in (17) and (18), we obtain a feasible objective function:

1 & .
Cg(h) = = E llef Ay Avil [P M (2;). (19)
n
=1

Our GBCV method selects h that minimizes Cg(h) defined in (19). We will use & to denote the
GBCYV selected h. The asymptotic behavior of h is the subject of the following discussion.

2.4. Theoretical Properties. We begin our discussion of the theoretical properties of our band-

width selection mechanism by listing our assumptions. These are as follows:

Assumption 2.1. (i) The data {z;,y;}}_, are independent and identically distributed (i.i.d.), x;
admits a density function f(-). (i) Let g(x;) = E(yilzi). g(x) has continuous partial derivative
functions up to fourth-order on x € M, where M is the support of the trimming function (M a

compact subset of R?). (iii) f(x) has continuous partial derivatives up to second-order on x € M.

Assumption 2.2. (i) Let u; = y; — g(z;). Then o?(z) = E(u?|z; = x) is a continuous function on
x € M. (ii) Define pim(z;) = E(u™|z;i), pm(x) is bounded on x € M for all finite positive m.

Assumption 2.3. (i) The kernel function is a non-negative, bounded, differentiable even density
function (w(v) = w(—v)); (i) w'(v) = dw(v) /dv is a continuous and bounded function; (iii)
[w(w)v® and [|w'(v)|v8dv are both finite.

Assumption 2.4. (hy,...,hq) € Hy,, where H, = {h € sz c oo V@) < o < g1/ (dH6+02)
1,...,d}, for for some small positive constant 61 > 0, and large positive constant d3 > 0, where ¢y

and co are positive constants.

We only consider i.i.d. data in this paper although it is well known that most nonparametric
estimation asymptotic results remain valid when the independent data assumption is replaced by

some weakly dependent data processes such as « or § mixing processes. Assumption 2.1 imposes
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some standard smoothness conditions on g(z) and f(x). Assumption 2.2 (i) imposes continuity on
o?(x). Assumption 2.2 (ii) is a common assumption in the literature and is also used in Hall, Li
& Racine (2007). Assumption 2.3 is quite standard except that we also assume that the kernel
function is differentiable. Note that Assumption 2.4 basically requires that max;<s<qhs — 0 and
nhy...hq Zgzl h? — oo as n — oo, which are needed for the estimation bias and variance to converge
to 0 as n gets large.

For expositional simplicity our proofs of the main result will focus on the scalar x case. The

following theorem deals with the scalar x case.

Theorem 2.1. Assuming that d =1 and under assumptions 2.1 to 2.4, we have

(i) Cs(h) = h* / B(x)M(x)f (x)dz + #@ / o2(2) M(x)dx + o, (h* + (nh®) ™)

uniformly in h € Hy,

~

(i) h= coptn_1/7 +op (n_1/7) ,

2 () F (2 e
uhere B(z) = By(a)’ + Ba(o)”, Pa(e) = (“5522) “REGE + 478, Bu(a) = aly (@) @)f () +

29'(2) " (@) f(2) + (1/2)g" () f(2)? = ¢'(x)(f'(2))?]/ f(2)?, Co = Ko + vo/13, Ko = f[VT;’(U)]QdU;
] ] 0'2 xr x)ax 17

pj = [Wpld, v; = [W()/dv, 0*(x) = E(uf|e; = 2), copt = 43foBf(z)J\(/l()i\)4f((:2;lda:} o (),

m”(-) and m"'(-) denote the first, second and third derivative functions of m(-) with m = g or

m=f.

It is interesting to observe that the leading terms of Cz(h) have two parts, one part is related
to a weighted version of the estimated MSE of 3(z), the local linear estimator of 8(z), the second
part is related to a weighted version of the estimated MSE of B (z), the local constant estimator of
B(z). Indeed it is well established that

h3 [B(x) — B(z) — h231(x)} 4 N (o, Zifg))) : (20)

see Cai, Fan & Yao (2000), and in the supplement Appendix B we show that

koo?(z) >
f@) )
If we denote the point-wise (leading terms) estimated MSE of the local linear and local constant

derivative estimators by MSE[3(z)] = h*Bi(z)? + n};’;fuz) UfQ(f;), and MSE[3(x)] = h*By(x)? +
2
Ko 0°(2)

A% o) respectively. Then Theorem 2.1 states that the leading term of the cross-validation

nh? [B(x) — Bla) - h232(x)} 4 N (o, (21)

function is

Cy(h) = / [MSE (3@)) + MSE (B(w))| £@)M(@)dx + 0, (k + (n1) ) (22)
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Note that it well known that the local constant estimate has large bias at the boundary of the
data support. Therefore, it is important to use the trimming function M(-) to remove observations
near the boundary in constructing the Cg(h) objective function.

The next Theorem deals with the general multivariate = case. For the general d-dimensional
x, we denote mg(x) = 6%(?), mys(z) = giTa(Q and mgss(z) = 83£é$), where m(z) = g(z) or
m(x) = f(x). Then we have the following result:

Theorem 2.2. Under assumptions 2.1 to 2.4, we have

d
() Coh) = [ Bulo)M(@)f(o)dn + e Z ('W " W)

uniformly in h € H,,
(i) hs = con V@O 4o, (n—l/(d+6)> ,

where ¢y = [leu(z) + co(@)]M(z)dz, cn(z) = v o (@)/pd, (@) = vi koo (x), ||h]]2 =
SL 82, Bu(w) = S0 (Bisp(@)? + Basp(@)?) with

Buan(e) _ 12pagsss(2) N h2gss(2) fo(@)pa  pafs(@) S0, gu(w)h?

6112 2/1«2f( ) 2f ()
s h?
+1f< ) 2z Miguls + 2 YR fi(@)ges(x) ) () + (12/2) Y B gus()
2 2f( ) t#s t#s
. ) (2) & d
Basn(2) = s { = gsss(@) f(2) th z)hi + gs() Z fu(z)hy
fl@) |2 (@) = =1

d
+ D [fil@)gus(x) + gi(z )fts(l‘)]h?}

and co s are positive constants, s =1,...,d.

We can see from Theorem 2.2 that the leading squared bias term is complicated as it involves
partial derivatives up to the 3' order. If one elected to use a plug-in method to select optimal
smoothing parameters, initial smoothing parameter values need to be selected and estimates for all
the related partial derivative functions of g and f are required. In the multivariate regression case,
this can be a daunting task. In contrast, our GBCV method delivers optimally selected smoothing
parameters in a fully automatic, data-driven procedure.

The proof of Theorem 2.2 is similar, but much more tedious than the proof of Theorem 2.1 and
we omit its proof here. Although we do not provide a proof for Theorem 2.2, in the supplement
Appendix B (which is available from the authors upon request) we derive the leading terms of
MSE(B(x)) and MSE(B(x)) in lemmas B.6 and B.7, respectively. By comparing the result of
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Theorem 2.2 and those from lemmas B.6 and B.7, we observe that

st = [ 7 [p15E (3(0) + 2158 (56))] sarwa-+o, (ol + ),

where T'r(-) denotes the trace of a matrix. That is, similar to the scalar x case, we still have that

the leading term of Cg(h) equals (the trace of) the sum of a weighted integrated MSE of the local
linear and the local constant estimators of S(-).

3. SIMULATION STUDY

In this section we perform a small scale set of Monte Carlo simulations to assess the performance
of our bandwidth selection procedure relative to the standard LSCV approach. We consider a

nonparametric model with heteroskedastic error

yj = g (z;) + o (zj) uj, j=12,...,n.
We investigate two function specifications for g(z):
6—390

DGP2: g(z) = x + 216",

We use sample sizes of n = 50, 100, and 200 with 1000 replications per experiment. Our covariate x
is generated from the uniform[—2, 2|, u is distributed standard normal and we set o (z) = vzt + 1.
Our simulations employ smooth functions with heteroskedastic errors as most economic data display
various degrees of heteroskedasticity.

To determine the performance of the proposed bandwidth selection mechanism against the rate
adjusted LSCV bandwidths we compare the estimated MSE of §(z) for each bandwidth selector.
The rate adjusted bandwidth selector is constructed by multiplying the bandwidths found via LSCV
2/35 50 that the rate is optimal, n'/7. We calculate the estimated MSE of 8(z) using both
bandwidth selection methods over 1000 replications. We then examine the median as well as the

by n

10*" and 90" percentiles of these values over the 1000 replications. We use a second-order Gaussian
kernel for all simulations. The results are presented in Table 1 for each cross-validation procedure.
We find uniform improvement for our cross-validation method versus rate-adjusted LSCV in terms
of estimated MSE. Moreover, we see drastic improvements at the upper percentile. For example,
when n = 200, the 90" percentile of the estimated MSE of the estimated gradient of DGP1 using
rate adjusted bandwidths selected via LSCV is over 11 times larger than that of the estimated MSE
of the gradients estimated with the GBCV bandwidths. This showcases the major benefit of our
approach. In the cases where LSCV severely undersmooths (even after rate-adjustment), GBCV
bandwidths still perform well. This likely represents a case where LSCV is modeling noise while
GBCYV continues to reliably estimate the smooth function.

What we have shown in our simulations is that our bandwidth selector generally performs better
in terms of MSE. Many of these improvements come at the higher percentiles (of our simulations)
where the standard rate adjusted LSCV bandwidth estimator often undersmooths substantially.
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TABLE 1. Summary of simulation results at the median [10*" percentile, 90" per-
centile] for the gradient

DGP1 DGP2
LSCV GBCV LSCV GBCV

n = 50
MSE 0.1835 0.1536 5.7797 5.0647

[0.0685, 12.3627] [0.0593, 0.4709] [3.6825, 20.0336] [3.3787, 7.3079]
n =100
MSE 0.1268 0.1145 5.4223 4.8030

[0.0635, 7.4148] [0.0422, 0.3238] [3.5026, 13.5550] [3.3424, 6.2517|
n = 200
MSE 0.1033 0.0833 4.8286 4.5282

[0.0583, 2.8705] [0.0325, 0.2247]  [3.0643, 9.0929] [2.9498, 5.6846]

In fact, if we were to plot the distribution of the MSE terms from the replications, we would see
that the popular LSCV method is associated with a long tail. Our method is even more useful
in multivariate settings. Limited (unreported) simulations show that, with additional regressors,
larger amounts of data are needed to properly estimate the gradient of the conditional mean function
and the standard LSCV method tends to overfit the data relative to GBCV. Given that economic
data often have a high noise-to-signal ratio, as well as the fact that samples are often small or
moderate with relatively large numbers of covariates, we believe that our method will often lead
to improved performance in practice. We give a prime multivariate example of such a situation in

the following section.

4. EMPIRICAL APPLICATION: PUBLIC/PRIVATE CAPITAL PRODUCTIVITY PUZZLE

The Monte Carlo results in the previous section showcase the finite sample performance of GBCV.
We also saw in Section 2.1 how this approach works well in some simple univariate regression models.
However, this type of simple problem is uncommon in economics and we feel it necessary to provide
an economic application with multivariate data. In this section we apply the aforementioned
procedures to the well known public capital productivity puzzle debate. Baltagi & Pinnoi (1995)
use the following production function

Yjt = a + Bikgjs + Bakpji + Bsempjs + Baunemjy + €5 (23)

to study the public capital productivity puzzle. Here, y;; denotes the gross state product of state
j(j=1,..,48) in period t (t = 1970, ...,1986). Covariates include public capital (kg) which aggre-
gates highways and streets, water and sewer facilities, and other public buildings and structures, kp
is the Bureau of Economic Analysis’ private capital stock estimates, and labor (emp) is employment
in non-agricultural payrolls. Each of these variables are measured in logarithms. Following Baltagi

& Pinnoi (1995), we also use the unemployment rate (unem) to control for business cycle effects.
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Details on these variables can be found in Munnell (1990) as well as Baltagi & Pinnoi (1995). ;¢

is our mean zero additive error term.3

TABLE 2. Bandwidths and scale factors obtained via LSCV and GBCV for the
public capital data. Column labelled ratio is the ratio of the GBCV bandwidth
(scale factor) and the LSCV bandwidth (scale factor) for each regressor. Bandwidths
obtained for both methods using Nelder-Mead non-gradient optimization.

Bandwidths Scale Factors
LSCV GBCV Ratio LSCV GBCV Ratio

In(kg) 0.087 1.103 12.690 | 0.213 2.288 10.732
In(kp) 0.100 0.582 5.804 | 0.251 1.231 4.909
In(emp) 0.042 0.600 14.285 | 0.095 1.152 12.081
unem 3.923 1407 0.359 | 4.061 1.232 0.303

We estimate nonparametric versions of Equation (23) using local linear least-squares with second-
order Gaussian kernels and bandwidths selected by both LSCV and GBCV. Table 2 provides the
estimated bandwidths using both methods. We see that while we expect larger bandwidths from
GBCYV relative to LSCV, the bandwidth for unemployment actually decreases (the other three
bandwidths increase as expected). The ratio of the estimated bandwidths reveals that indeed
the two methods can provided substantially different bandwidths in applied settings and that the
bandwidths do not necessarily rise. Further, these ratios show that we do not just get a generic
percentage or absolute increase. Since we cannot know the ‘optimal’ bandwidth for an actual
dataset without prior information on the DGP, we resort to analyzing the economic implications
of the two sets of bandwidths.

Table 3 provides the estimated gradients (elasticities) from local linear estimation using both
LSCV and GBCV bandwidths. We present the 90th and 10th percentile point estimates, Dgg and
Dy, respectively, along with the median point estimates (Median) as well as the standard deviation
(SD) across the point estimates for each regressor. We see that for all four estimated gradients, the
GBCYV estimated gradients lie in narrow ranges relative to the LSCV gradients estimates. More
importantly, from an economic standpoint, the estimated LSCV gradients for the logarithm of
public capital straddles zero. Its t-ratio at the median value is around one, which is statistically
insignificant, suggesting that public capital does not have a significant role in explaining gross
state product. This is the so-called public capital productivity ‘puzzle’. In contrast, our GBCV
elasticities are predominantly positively signed.* The median ¢-ratio is greater than four, suggesting
that public capital has a significant positive impact on gross state product.
3Al‘chough we have only considered the independent data case in our theoretical analysis. There is no doubt the
asymptotic analysis can be extended to weakly dependent data and panel data cases. We leave this theoretical
investigation as a future research topic.
4Negative elasticities for public capital are not necessarily incorrect. We examined those states with negative elastici-
ties and found that these states have large relative investments in highways. These particular states (primarily plains

states) have major highways running through them (designed to transport goods through their respective states)
while at the same time their gross state products are relatively small.
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TABLE 3. Summary statistics of the estimated gradients for local linear least-squares
estimation using the bandwidths in Table 2. Do and Dgg refer to the 10" and 90"
deciles of the estimates while Median refers to the median. Standard errors are given
below each estimate (1,000 wild boostraps). SD refers to the standard deviation
across the estimated gradients for a given regressor.

D1 Median  Dgyg SD

Brg (LSCV)  -0.6754 0.2010 0.9173 1.3902
1.4462  0.1922  0.4698

Brg (GBCV)  -0.0094 0.1590 0.2504 0.1204
0.0323  0.0373  0.0262

Bep (LSCV)  -0.4167 0.1525 0.7184 0.5703
0.0854 0.0768 0.1446

Bep (GBCV) 02322 0.2946 0.3668 0.0634
0.0278  0.0268  0.0281

Bemp (LSCV)  -0.0477  0.8260 1.6496 0.7627
0.2490 0.2212  0.7219

Bemp (GBCV) 05291  0.6340 0.6974 0.0674
0.0349  0.0380 0.0351

Bunem (LSCV)  -0.0216 -0.0048 0.0103 0.0167
0.0108  0.0644  0.0059

B\unem(GBCV) -0.0133 -0.0055 0.0019 0.0061
0.0059  0.0032 0.0049

Figure 2 provides kernel density estimates for the estimated gradients with respect to ‘public
capital’ (kg) and ‘private capital’ (kp) using the LSCV and GBCV bandwidths. Consistent with
Table 3, we see that our GBCV estimated densities (dashed line) are inside the range of the esti-
mated LSCV densities. This figure shows that this is not simply a tails problem. Large percentages
of the elasticities produced with the LSCV bandwidths are in regions which are economically un-
reasonable. For example, we are unsure how to interpret an elasticity greater than one for physical
or public capital.

Of equal interest is the effect on the standard errors of the gradient estimates. We use a wild
bootstrap with 1,000 replications in order to calculate each standard error. For the LSCV band-
widths, very few of the estimates are statistically significant. It is difficult to place much faith on
an elasticity estimated with such a low level of precision. On the other hand, the standard errors
for the gradients produced with GBCV bandwidths are much smaller. Here we find many more
cases of statistical significance.

To further highlight our bandwidth selection mechanism, we present Figures 3 and 4 which
show three-dimensional plots of the estimated conditional gradients for public capital as public
capital and employment vary (we hold private capital and unemployment fixed at their respective
medians). Figure 3 uses the bandwidths from LSCV to construct this grid of estimates. It is
difficult to provide an intuitive description of this figure. The shape of the curve does not reflect
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Ficure 2. Comparison of estimated gradients across bandwidths obtained via
LSCV (solid line) versus GBCV (dashed line). These curves are the estimated
density of the gradient estimates using a second-order Gaussian kernel with the
Silverman rule-of-thumb bandwidth.

(a) Logarithm of Public Capital (b) Logarithm of Private Capital

Density

-15 -1.0 -0.5 0.0 0.5 1.0 15 -15 -1.0 -0.5 0.0 0.5 1.0 15

Estimated Gradient for log(kg) Estimated Gradient for log(kp)

the assumed relationship between these variables and it is quite bumpy. On the other hand, Figure
4 shows that the estimated gradient is quite smooth and we do not see any of the large upward or
downward spikes in the conditional mean estimates.

The result from the GBCV bandwidths are in line with conventional wisdom. We see that as
the levels of private and public capital rise, we expect to have higher values of gross state product.
Further, the nonlinear relationship shows that the return to public capital is lower than that of
private capital. Although an optimizing model would suggest equal returns to each type of capital,
finding a political process to allocate government capital in such an optimal manner is difficult.
This result is intuitive.

In summary, in this particular application, GBCV has produced a set of bandwidths which lead
to clearer insights than those using the traditional LSCV bandwidths. It leads to a much smoother
function estimation result than that obtained by using LSCV. We saw less variation in the point
estimates. Further, a large percentage of the elasticities produced with the LSCV bandwidths were
economically infeasible. The elasticities from our proposed bandwidth selection criteria are in line
with conventional wisdom. It is easy to see where this could lead to improved policy analysis. We

expect an assortment of applied studies could also benefit from this new approach.

5. CONCLUDING REMARKS

In this paper we propose a novel approach to select bandwidths in nonparametric kernel regres-
sion. In contrast to past measures, we are primarily concerned with estimation of the gradient

function. Estimation of gradients is often of more interest as studying ‘marginal effects’ is a corner
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Ficure 3. Estimated conditional gradient for public capital using LSCV band-
widths, holding private capital and unemployment fixed at their medians. This
curve is estimated over a grid of 2500 points based on the rectangle constructed
from the limits of the logarithms of public capital and the employment rate.

stone of microeconomics. Uncovering gradients nonparametrically is important in many areas of
economics such as determining risk premium or recovering distributions of individual preferences.

Our procedure is shown to deliver bandwidths with the optimal rate for estimation of the gradients.
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Ficure 4. Estimated conditional gradient for public capital using GBCV band-
widths, holding private capital and unemployment fixed at their medians.

This
curve is estimated over a grid of 2500 points based on the rectangle constructed

from the limits of the logarithms of public capital and the employment rate.
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Our simulations show large improvements in performance when estimating the gradient function.

When we applied our method to several empirical data sets, we found that our procedure gave
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estimates in line with conventional wisdom while the standard cross-validation procedure produced
estimates which displayed significant variation.

There exist many possible extensions of our proposed method. For example, one can extend
our method to the case of selecting smoothing parameters that are optimal for estimating higher-
order derivation functions. Also, we only consider the case of independent data with continuous
covariates. The result of this paper can be extended to the weakly dependent data case, and to the
mixture of continuous and discrete covariates case. Finally, given that a multivariate nonparametric
regression model suffers from the ‘curse of dimensionality’, it will be useful to extend our result to
various semiparametric models such as the partially linear or varying coefficient models. We leave

these research problems as future research topics.
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APPENDIX A. PROOF OF THEOREM 2.1

The proof of Theorem 2.1 is quite tedious. Therefore, it is necessary to introduce some short-
hand notation and preliminary manipulations in order to simplify the derivations that follow. For

reader’s convenience we list most of the notations used in the appendices below.

(1) We will use the short hand notation: g; = g(z;), 8; = B(x:), fi = f(xzi), fi = f(z),
Gi = §—i(x;), B; = B_i(a;i), etc. Also, we will often omit the weight function M (z;) to save
space.

(2) Wedefine 3>, =370, >° Zj;ﬁi =2 Z?:l,j;éiv > Zl;ﬁj;ﬁi =2 Z?:l,j;éi Z?:l,l;ﬁi,l;éj'
Similarly, > >2>2>° 37> i 4j414k4m means that all the five summation indices 4, j, 1, k,m
are different from each other.

(3) We write A,, = B,,+(s.0.) to denote the fact that B,, is the leading term of A, where (s.0.)
denotes terms that have probability orders smaller than that of B,,. A; = B; + (s.0.) means
that n™1>°. A, =n=1Y, Bi+ (s.0.), or n 1Y, AiD; = n~ 1Y, BiD; + (s.0.) for some D;,
i.e., B; is the leading term of A;, replacing A; by B; will not affect the asymptotic result.
Also, we write A,, ~ B, to mean that A and B, have the same probability order.

1

(4) We often ignore the difference among n, ——5 and ﬁ simply because this will have no

effect on the asymptotic analysis.

Proof of Theorem 2.1: We first analyze Ay By adding and subtracting terms in (16), using
yj = 95 +uj, Rji = g; — gi — (x; — ;) f; and noticing that D;Q = h™2 (since z is a scalar), we get

A = ZWhﬂ<2 : ){gﬂ'uy—gz—( —%)5(1‘0—[@z‘—gi]—(xj—ﬂfi)[/}i—ﬁi]}

J#i (2 — i)
- *ZWhﬂ ( —2 xl _z_)> {Rji +uy — [ — gi] — (5 — 23)[Bi — ﬁz]}
J#i J v
= Au-A4 (A.1)

where Aj; is defined in (12), and

ZWW<2 : i)){[gz-—gz-mﬂsj—m)[@—@-]}. (4.2)

J# xj -t

Substituting (A.1) into (19), we obtain

1 — _ _
Cg(h) = I Z [egA%lAli - egA%lAif

1 @ _ _ _ _
= n Z [(egAQilAli)2 + (egAzilAi)Q - 2(6gA2¢1A1i)(6£A2ilAi)]

= (C1+0Cy—2Cs <A3)

where C; =n~1 S0 1(e Ay ALY Co=n"t 30 (e%AQ_ilAi) and C3 =n~ 1310 1(e 2Z1A11)(66A 1A)).
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In Lemmas A.1 to A.3 below we show that
1 1)

C; = h4/31 )f(2)dz + — 2/0(m)2M(x)d:c+(s.0.),

Gy = b / Bo()2M () f(x)dx—l—%/@o / o (22 M (2)dz + (5.0.),

Cs = op(h*+ (nh?)7)

uniformly in h € H,.
Note that B(x) = Bi(z)? + Ba(x)? and {y = o + v2/u3. This proves Theorem 2.1 (i). Theorem
(ii) follows from Theorem (i). O

Lemma A.1. C; = h' [ By(z)?M (z) f(z)dz + h3 2 Jo( (z)dx + o,(h* + (nh3) 1) uniformly
in h € Hy, where s = [ w(v)v3do.

Proof of Lemma A.1: Using the standard kernel estimation uniform convergence result, we have

) 0 2, (In(n))'/?
A2 = (mf’(%') sz(%‘z‘)> O (h T Vak )7

uniformly in x; € M, where M is the support of the trimming function M(-).
Using the partitioned inverse, we get

1 (1 f(zi) O (In(n))'/?
Ayl = ( e 021-> + 0, <h2 + T ) ;

where C; = f/(x;)/f?(x;) and Co; = 1/ (paf(x;)).
Recall that eg = (0,1)7, we have

egAgil = (=C1i,C2) + Oy <h2 + W) : (A4)

Combining (A.4) and (12) lead to
65142;11411 = n_l Z Whﬂ'i(Rﬂ + Uj)[CQih_Q(a?j — IL‘z) — Ch] + (S.O.)
J#i

= 'Y PR+ wy) + (s.0.), (A.5)
J#

where

Pji = Wy ji[Coih™2(xj — ;) — Chil. (A.6)
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Substituting the above result into C; gives,

Gr = _1 Z AZZlAlz
= Z YD PiiPu(Rji + wy) (Ris + w) + (s.0.)
i gL lF
- n73ZZPJQZ JZ+U’J BZZ Z P;iPii(Rj; + uj)(Ry + ) + (s.0.)
i i JFLAGHE

= 0171 + 0172 + (S.O.)

where C1 =023, 37, Ph(Rji+u;)® and Cro = n" 30, 30 30 PjiPui(Rji+ ) (Rii +w).
From (Rj; +u;j)? = R?i +2u;Rj; + ujz, it is easy to see that the leading term of C ; is associated

with the term u?, we use C? 1 to denote this leading term.
Yy = n ) > Phui=n"'E[0]P]] + (s.0.) = n 'E[E(0} Pjla)] + (s.0.)
e
= TR /a(m) dx + (s.o0.)

where the second equality follows from the H-decomposition, and the last equality holds because
2
E{E[ofPﬂ]a;Z]} = F {E [W,iﬂu? (Ch Cglh (l’] — JIZ)) :EZ]}
= F {E [W}ijio'(mj)Q (C%Zh_ (LEj — .’El) + 0122 - QCQih_Z({L‘j — xz)Clz) |SCZ]}

= E[h3 (1) Cglf(xi)—i-%a(xi)QC%if(mi) %U(xz) C1iCai f' ()

V2 2 -1
= hgug/o(az) dx 4+ O(h™"),
where 02(z;) = E(u?|z;) and we used Co; = 1/(uaf(x;)) and vo = [ W (v)v3dv.
Recall that we omit the weight function for notational simplicity, so the above leading term
should be

shown that

h5 2 o(x)?M (x)dx, which is finite since M (-) has a bounded support. Hence, we have

Cii = O +(s0)= nh”% / o ()2 M (z)dz + (s.0.). (A7)

Next, we consider Cy o = n~3 > Zj# Zl## PjiPyi(RjiRy; + ujup + 2Rju) = Croq + Crop +
2C1 2. Cr2a = Zl## P;; P R;; Ry;, which can be written as a third-order U-statistic, whose
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leading term is its expectation:
B(Ciaa) = {E {E [PjiRﬁ a:] }}2 - {E {E [Wh,ﬁ (h2Cyi(w; — 7:) — C1i) Ry x} }}2
_ {h2E [%g”(mi)cm (@) + % Flai)g” (z:) — % (xi)g”(xi)C'li] L omd)
_ h4/B1(:1:)2f(x)dx + O,

where By (z (“‘;M;*?) LS 4 mg7 D)y = [W()ldo (1= 2,4).
Obv10usly, E(Ci2p) = 0 and E(Cl2b) = n"50(n*h=5) = O((n®h>)~! = o((nh®)~2). Hence,
Chap = op((nh3)71h).

Similarly, E(C12,.) = 0 and E(Ci?,c) = n%[0(n°h%) + O(n*h*)] = O(h%/n) = o(h®). Hence,
Ch 2. = op(hY).
Summarizing the above we have shown that (adding back the trimming function M (-))

Ci— h4/Bl(:U)2f( )M (2)dz + h3 V2 /a(x>2M(x)d:c + op(h* + (n®) ). (A8)
Moreover, by using Rosenthal’s and Markov’s inequalities, one can show that (A.8) holds true
uniformly in h € H,,. This completes the proof of lemma A.1. O

Lemma A.2. Under the conditions given in Theorem 1, we have, uniformly in h € Hy,

Cy = h4/Bg(x) M)z + % [ @M@y + (s.0).

Proof of Lemma A.2: Recall that Pj; = W, ;;[Co;h™%(x; — ;) — Cy;]. Then By (A.2) and (A.4), we
have

e AN = 0Py { gi] + () — @) [6 - Bi] } + (s.0.)
j £
= Dy, iDgi + (s.0.), (A.9)

where Dq; = n-t Zj;ﬁi Pﬂ[gz — gi] and Dy; = n-t Zj;éi Pﬂ(ﬂj‘J — xz)[Bz — ﬁl]
Substituting (A.9) into Cy we get

n! Z DY +n 'Y D3+ 20" " DyiDy; + (s.0.)
% %

= O+ Cr2+ 203+ (s.0.),

where CQ 1="n -1 Z Dlz? 02,2 =n! Zz D%z and 0273 =n"! Zz D1;Do;.
We first consider Cy ;. Using 1/]5Z =1/f; + (s.0.), we have

9i—gi = Gi — 9:)fil fi = (3 — ) i/ fi + (s.0.) = 1 + (s.0.), (A.10)
where
mi = (g — i) fi/ fi = % > gk + e — g Wi ki/ fi- (A.11)

ki
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Hence, we can replace (§; — ¢;)%> by m? to obtain the leading term of Cy 1, i.e., Using (A.11) we
(2 )
get
Cox = n2Y >3 PiPymi/f} + (s.0.)
i g I
= n YN PR/ 0PN NN Pubui} [ 7+ (s.0)
i i i g A,
= D3+ D4+ (s.0.),

where the definitions of D3 and D, should be obvious.

_ In(n _
Dy < sup (0/2) w5 % P =0, (14 ) 0y (un)
1<i<n i i n
by lemma B.1 (iii) and the fact that sup;<;<, ,.ea(3/f7) = (h4 n(h)>.

To evaluate Dy, define ej; = Pj; — E(Pji|x;) so that Pj; = E(Pj;|z;) + ej;. By Lemma B.1 we
know that E(Pji|z;) = h?G1(x;) + O(h%). Using Pj; Py = [R2G1(xi) + €;i][R2G1(xi) + eu] + (s.0.),
we can replace Pj;Fj; by RAG (x;)? + ejieri + h*G1(xi)(eji + ey;) to obtain

D, = D471 -+ D472 + 2D4’3 + (8.0.),

where
Dyx = n704) NN Gi(w)ml/ff =0t [n_l e ($i)2m?/f¢2]
i ji £ i
= hiOo,(h* + (nh)™h) (A.12)

by lemma B.3 and by noting that G(z;) = G1(x;)f(z;)~? when applying lemma B.3.

Dip=n"Y "3 > ejewmi/f; = Op((nh)~ (nh*)™") = 0,((nh)™")

i g 1#i)

by lemma B.4.

|Dasl < \/Di1Daz = Op((nh) ™ (h* + (nh?)'/?)) = 0,((nh)1).

Hence, we have shown that

Cy1 = Dy+(s.0) =0,((nh)™1) = 0,((nh®)71). (A.13)

Next, we consider Cy 5. Define Fj; = (z; — ;) Pj;. We have

02,2 = _3 Z Z Bl /61 + ’/L_3 Z Z Z szﬂz ﬁz)2

(N E i JFilFEL
= D5+ Dg,
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where the definitions of D5 and Dg should be obvious.

E TR M

i jF£

10, {15+ 79 0,000 =0, (i 14+ )

by lemma B.1 (iv) and the fact that sup1<i<n(ﬁi - B)?%/ =0, (h4 ln(n)).

Ds

IN

nh3

Define n;; = E(Fji|z;), and replacing Fj; by Fj; = E(F}j;|z;) +nj in Dg we obtain.
D¢ = D1 + De2 + 2Ds 3,

where Dg1 =n"" 3, Zj;éi Zl;éi,j E(Fji‘xz')E(Fli’%z‘)(@ﬁﬁz‘)% Dgp=n""}, Zj;éi Zl;ﬁi,j njmli(/éi_
Bi)* and Dog =n"> 32,573 304 E(Fyilwa)mi(B; — Bi)*.

We first consider Dg 1. By lemma B.1 (ii) we know that E(Fj;|z;) = 1 —Ga(z;)h?+0o(h?). Hence,
the leading term of Dg 1 is obtained by replacing FJ, by 1in Dg 1, i.e.,

— Y S 0 ) =t R - )
i gFulFLg

By lemma B.2 we know that Bz — B = h2BZZ' + J3; + (S.O.), where By; = BQ(QBZ) and J3; =

n1 >z WiWh i/ fi. We have

De1 = n 'Y (WBai+ J3i)? + (5.0.) =n~" Y (B*B3; + J3; + 2h° By Js;) + (s.0.)

b
7 7

= D7+ Dg+2Dg + (S.O.),

where D7 =n~'h* >, B2, Dg =n"1Y", J2 and Dg = n=th% ", Ba;Js;.
It is easy to see that

D; = n'h') " By(zi)? + (s.0) = h*E[By(2:)?] + (s.0.).

Next, we consider Dg. Using Jz; = n~! Z#i u; Wy, ji/fi‘

Dg = *Z 3 = ngzzzujwh]zulwhlz/fQ

1 jF# 1

- n3zz Whﬂ /f2+73ZZZuJWhjzulWhlz/f

S i IFEL]
= Wi+ Vs,

where the definitions of V5 and V3 should be obvious.
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By the H-decomposition we get

Vio= BOA)+(s.0) = BV )

1 Ti— T 2 _
= Yy UZ(CC]‘) <W’ <]h>> f; 1fjd$id1}j + (s.0.)
= % o?(z)dz + (s.0.),

where ko = [(W'(v))2dv.

Next, we consider Vo = n=3Y", Dt 2otz g WiwWy, ;Wi 1./ (fi fi)- By H-decomposition the lead-
ing term of V5 can be written as a second order degenerate U-statistic. We need to compute
EW, iWh il fPlej ) = b=t [ W (S )W (2520 - dary = —h™ 3fW’ W' (557 + ) f (@
hu)~tdu = —h~ 3W’lf + (s.0.), where W]{l = W'(22) with W/(v) = [ W/ ()W (v + u)du.

Hence, we have

V2N7 Z“Jul lf + ).
i J>1
It is easy to see that E(V) = 2(n2h6)*1E[0J2-012(W;Z)Q(fj_l—i—fl_l)Q] = (n2h%)7tO(h) = O((n?h>)71).
Hence,
Vo = Op((nh®?)71) = 0, ((nh®)™1).

Finally, Dg = (h?/n?)>", >t u]Wh il fi- 1t is easy to see that E(D3) = (h*/nH)[O(n*h~2) +
O(n?h=3)] = O(h?/n). Hence, Dg = O,(h?/n'/?) = O,(h%).

Summarizing the above we have shown that

Dg1 = D7+ Vi + (s.0.) = h4/B§( M(x)dx + % /JQ(x)M(x)dx + (s.0.) (A.14)

Dg o = 0,(h* + (nh3)~1) and Dg 3 = op(h* + (nh®)~!) by lemma B.5. Hence, we have shown that
(adding back the weight function M(-))
0272 = D5+ Dg = D6 1+ (8.0.)
1
= h4/B2 x)dxr + ho /0'2(£L‘)M(£L')dl‘ + (s.0.). (A.15)

Finally, by (A.13), (A.15) and Cauchy-Schwartz’s inequality, we have

’0273| S RVIGTIETE Op(h4 + (nhg)fl).
Summarizing the above we have proved that

1
Cy = Cao + (s.0.) = h4/Bg(x)2f( VM (z)dx + —gho /0'2(.%')M<$)d$ + (s.0.).

The above result holds true uniformly in A € H,, by using Rosenthal’s and Markov’s inequalities.
This completes the proof of Lemma A.2. O
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Lemma A.3. C3 = oy (h* + (nh®)™1) uniformly in h € H,.

Proof of Lemma A.3: Recall that Fj; = Pji(z; — ;). Then using similar arguments as we did in
the proofs of lemmas A.1 and A.2, we have

Cs = n 'Y eh(Ay Ay)(ef Ay A)

= n_?’ZZZPﬁ(Rﬁ+uj)Fli(Bl - B)
i i i
~ n_3h2zzzpji(Rﬂ +uy) (B — B)
i i i
= n_3h2 Z Z Z Wthi[h_zczi(ﬂfj - IEz) - Clz]( 31 + U])(Bl Bl)
T
~ YN Whilay — @) (Ryi + wy) (B — By)
1 jF 1F#
= (31 + (32,

where Cs.1 =17 50,375 Y Whggi(wj — @) Rja(B— B) and Ca2 = ™8 37,30, 7 Wi (s —
z;)uj(B, — Bi), the third line (with a ‘~’ sign) above follows from E(Fj;|z;) = 1+ O(h?), and the
fifth line (with a ‘~’ sign) holds because C7; has an order no larger than that of h_QCgi(a:j —x;),
and then we replaced Cy; by 1.

Using the U-statistic H-decomposition, it is easy to show that the leading term of C31 can be
obtained by replacing W}, ji(x; — ;) Rj; by E[W}, ji(xj — x3) Rji|xi] = pah* H () + Op(h%), where
H(z;) = (1/6)f(xi)g" (i) + (1/2)f'(z;)g" (z;). Then it is easy to show that C31 = Op(h*(h? +
(In(n))Y2(nh3)~1/2) = 0,(h*). Similarly, one can show that C35 = o, (h* + (nh®)71). O
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APPENDIX B. SOME USEFUL LEMMAS (NOT FOR PUBLICATION)

Appendix B is for referees’ convenience, not for publication. This appendix is also available to
readers from the authors upon request.
Since we used the U-statistic H-decomposition several times in Appendix , we state it below for

readers’ convenience.

Theorem B.1 (The U-Statistic H-decomposition). Let C¥ = n!/[k!(n — k!)] denote the number
of combinations obtained by choosing k items from n (distinct) items. Then a general k" order
U-statistic Uy, is defined by

1
U(k) = a Z Hn(a:il,...,xik), (Bl)

n 1<y <+ <ig

where Hy (4, ..., 2i,) is symmetric in its arguments and E[H2(x;,,. ..,z )] < oo.

The U-statistic H-decomposition for a general k' order U-statistic is given as follows

k
Up = > CrHY =CQHY + CiHY + CRHP + ...+ CFHP, (B.2)
§=0

where H) = ¢ = EH,(zi,...,zi)], aY =1 Yo (Hpi—0) with Hyi, = E[Hp (i, ..., i) |@i, ],

2 .
HZ — n(n2—1) >oi 2 jsilHngi — Hng — Hyj + 0] with Hy, 4, = E[Hp (24, -, 24, ) |2y, o], ete., see
Lee (1990, page 26) for a detailed derivation of the above H-decomposition.

When 6 # 0, HV(LO) = 6 is usually the leading term of the U-statistic. If 8 = 0 and H,; # 0,

usually the partial sum Hq(ll) becomes the leading term of Hjy. If both 6 = 0 and Hy; = 0, the next

non-zero term, HT(LZ), (a second order degenerate U-statistic) usually becomes the leading term for
the U-statistic Uy).

Lemma B.1. Recall that Pﬂ == Whvji[CQih_Q(l‘j — xl) — Ch] and Fji == (xj — xz)sz

(i) E(Fjilzi) =1 = h*Gi(zi) + O(h®) uniformly in x; € M, where G1(z;) = paf'(x:)?/ f (x:)*.

(ii) E(Pj|xi) = Ga(z;)h?+O(h3) uniformly in x; € M, where Go(x;) = 6%‘2 f}léﬁ) —%f”(fzizi)(xi)~

def _ _
(iii) L1n = n™2 3, i sz = Op(h™?).

. def _ _
() Lap = n 222‘ Zﬁéngzz = Op(h b

Proof of (i): It is easy to check that E[W, j;(z;—x;)?|z;] = h2ua f(2:)+O(h%), E[(x;—x;)Wh, ji|xi] =
R2paf'(x;) + Op(hY), C1i = f'(x;)/ f(2:)? and O = 1/(uaf(2;)). Using these results we get
E(Fjile;) = E{Whji(zj — :)[Coih™ (2 — 2;) — Chyl|i}
= Cgih72E[Wh7ji(CCj — ‘TZ)QLTZ} — Ch-E[(a:j — wi)Wh,ji‘xi]
= 1= RPpaf'(2:)?/ f(2:)* + O(h?)
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uniformly in z; € M. d

Proof of (ii): By noting that Cy; = f'(z;)/f(x:)? and Cy; = 1/(u2f(x;)), we have
E(Whjilzi) = f(z:) + 5h2paf"(x:) + Op(h?),
B2 E{(z; — 20)Wigili] = h=2[0 + 102/ (wi)ua + 0 + Lhbpaf () + O(hS)]
= f'(xi)p2 + §h2paf" (z:) + O(hY).
Hence, we have

E(Pjilz;) = E[Whi(Coh™>(x; — ;) — Cuy)|ai]
= Coh *E[Whji(zj — z:))|xi] — CriE[Wh ji|2:]
fl@i) | WPpa f"(xs) () RPus f7(a) f (@)

- + — + O, (h?
Fe) 6w f@) @) 2 P o)
= Gy(z)h® + O(h?) (B.3)
uniformly in x; € M because the two leading terms cancel each other. (]

Proof of (iii): 1t is easy to show that Li,, ~ Liy 1, where Ly, 1 is obtained from Lj,, by removing
the Cy; term because Cy; is dominated by h=2Co;(zj—;), i.e., Lin1 =n"2Y, Zﬁéz W2 iC2ih™ Yxj—
z;)%. Also, since sup,, ¢y C3; < C, where C > 0 is a finite positive constant, we only need to evalu-
ate the order of Ji,2 =n"2Y", Zﬁél W2 ﬂh (xj — z;)2. By the U-statistic H-decomposition, it is
easy to check that Ji, 2 = E(Jip2)+ (s.0.) 3[[W2(0)v?dv] E[f (2:)] + Op(h™3) = Op(h™3). O

Proof of (iv): It is easy to see that Jo, = Jop 1+ (s.0.), where Jo,, 1 = n=2p—* > Z#i W}%’ji(a:j —
wi)4022i because Cy; is dominated by h*2Cgi(xj — ;). Also, since CQQZ» is bounded on M, we can
replace Cy; by 1 and evaluate the order of Jy, 2 = n=2h* > Zj# W}%’ji (x; — ;)% Tt is easy to see
that Jopo = E(Jonz2) + (s.0.) = b7 [ W2(0)v*dv] E[f(2;)] + 0p(h™!) = Op(h™'). This completes
the proof of Lemma B.1. O

Below we provide asymptotic result for G(z), the local constant of B(x). The local constant
estimate of g(x) is given by
@) = "2 VWi
n-1 Zj Whje

where W), j, = h_lW((xj —x)/h), yj = g; +uj, g5 = g(z;).
For W(*2), let u = (2; — )/h, we have

OWp((zj —x)/h) _ 1OW(u)Ou 1 x;—x
/ . J I v v J
Wije = ox ~h Ou Ox h2W h ’ (B4)

where = = U) |y (s —z) /b AN u) = u) /Ou.
here W' ( 2% w’ (z;—x)/ dw’ ow 0
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Using (B.4) we obtain the local constant first derivative estimator of 5(z) given by

Bla) = Wi (07 2 i Whaa) (0 30, Wy )

n—1 Zl Wh,laz (n_l ZZ Wh,l:r:)2
_ # Zj Zl;éj(yj - yl)Wi/L,jmKhle
(20 Kniz)?
1
_ w2y at Zj — u)Wh, e Whiie + (5.0)
f(z)
= Ji(z) + Jo(x) + (s.0.), (B.5)

where

Ji(z) = QZZ — Wi, jaWhia/ f()?

J #g
Jo(x) = QZZ u)Whjo Whia/ [ (2)*.
Jj l#

Lemma B.2. (i) 3(z) = B(z)+h?Ba(z)+J3(x)+0, (h3+(nh?)~1/2), where Bay(x) = palg” (x) f'(z) f (x)+
g' (@) f" (@) f() +(1/2)g" (2) f ()* = g (2)(f'(2))?]/ f (2)* and and J(x) = nh™" 32, u; Wy ./ f(x),
(ZZ) ﬂz({L‘Z) = B({Bi)+h2B2i+J3i+Op(h3+(nh2)71/2), By = Bg(xz) and J3; = n~t Zj;ﬁi ujWI{l,,ji/fi'

Proof of Lemma B.2: We will only prove (i) as (ii) follows by the same arguments. We first
evaluate E[Ji(z)]. Using Wy ;; = —h~ 2w’ (mf ) we get

e [ 1ot e (S5 w (2 ) o) ey

E[J(2)]

- hf(lx // @+ hw) = gz + hu)[W (W)W (v) f (2 + hu) f(z + ho)dudv
- hf(lx // )ho + ;9"( )hQUQ—g’(x)hu—%g”(x)h%? é §"(2)h3?

1
[f(z) + f'(z)hu + if”(x)hqu][f(I) + f(x)hv + §f”(x)h2v2}W’(u)W(v)dudv + O(h?)
= ¢'(z) + Ba(2)h* + O(h?),
where Bs(x) is defined in the beginning of lemma B.2. An easy to verify the expression of Ba(x)
is to realize that [ [[W/(u)W (v)uPv? = 0 if p is an even integer, or ¢ is an odd integer, so the
only non-zero terms coming from p is odd and ¢ is even. Also note that by integration by parts,
[ uW!'(w)du = uW (u) — [W(u)du = =1 and [w*W (u)du = w*W'(u)|>® — 3 [w*W (u)du =
—3#2.
It is easy to show that Var(Jy(x)) = O((nh?)~!). Hence, we have shown that

Ji(z) = h2Ba(x) 4+ O, (h3 4 (nh?)~1/2). (B.6)
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Next, we consider Ja(z). Define Jo1 = Jo(x)f(z)?. Then Joi(z) = (2/n?) > 25 (1/2)[(uy —
ul)W,’szWhJI + (w — uj)W,’mWh,jx] = (2/n2)2j Zl# H,(zj,7), which is a second-order U-
statistic, where Hy, (25, z1) = (1/2)[(uj — w)Wy, ;. Whiiw + (w — uj) Wy, 1, Whja] With zj = (uj, 2;5).

By the U-statistic H-decomposition we know that the leading term of Jo1 () is 2 ; Hnj, where

Hyj = E[Hn(zj, 21)|7]
= (1/2)uj[W; ju EWhia) = Whja E(Wi, 1))
= (/20w { Wi, o[ (@) + Op(h)] = Whjanaf (@) + Op(h2)]}
= (1/2)ujW}’L’jmf(a:) + (s.0.)
the last equality follows because W, ;= —h™2W (*2) has an order larger (by a factor of h™1)

than that of Wi, j, = h W (%2).

Hence, the leading term of Jy(x) is the leading term of Jo(z)/f(x)?, which is a partial sum

given by
2
nf(z)

where J3(x) = n~! > WiWh
Next, we show that J3(x) = O,((nh*)~'/2). Obviously, J3(z) has zero mean, its variance is given
by

Jo(z) = > His + (s0) = % S Wi o + (50) = Ja(a) + (50,

Blh@f] = i BloiWig'

- nh4j1f(x)2 /UQ(HJJ’) [W’ (xjh_x)rf(l‘j)dxj
_ Wh/oz(m+hv)[W’(v)]2f(x+hv)dv

= 10 o2 (x nh)~!

where ro = [[W'(v)]*dv and 032» = E(u]2|x]) Hence, J3(z) = O,((nh3)~1/2).
Applying Lyapunov’s central limit theorem, we have the following asymptotic distribution result
for B(z) (with h — 0, nh® = co and nh? — 0 as n — oo):

Val3[B(x) - B(z) — hBs ()] 5 N (0’ m}ﬁ@) '

7]x

O

Lemma B.3. Let G(x;) be a bounded function on M. Define D = n=1Y " | G(z;)m?, where
m; = (i — gi) fi- Then

D = WEIG()C@i ] + —wEIG(i)o*(w) fz)] + (5.0),

where C(x;) = Lpalg” (i) f (i) + 29" () f'(23)], po = [0*W (v)dv and vy = [ W2(v)dv.
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Proof of Lemma B.3: Using (A.11), we have

D = n3ZZZG 2:)(95 — 9i + w)Whji(gr — 9i + 1) Wi

1 gL lF#G
- n3ZZGxZ gZ+uJ) Wh]'L
i gF
n3 Z Z Z G(zi)(g5 — 9i + wj)Whji(gr — gi + uj)Whi
i JFFL]
= D1+ Dy,

where the definitions of D; should be apparent (I = 1,2).
It is easy to see that the leading term of D; is associated with u . So we have

D, = EZZG(M)UJZW}%WL(S.O.)
i i
= n_lE[G(IEi)U2(JEj)W;iﬂ] + (s.0.)

= n 'hly [/ G (xi)o* (i) f(zi)dxi| + (s.0.)
1
= %VOE[G(%)UQ(%)JC(%)] + (s.0.),
where the second equality follows from the U-statistic H-decomposition, and vy = [ W2(v)dwv.
It can be shown that the leading term of Dj is associated with (g; — gi)(91 — ¢i), i-e., D2 =

DY + (s.0.), where

Dg = 3 Z Z Z G(2:)(95 — 9:)Wh,ji(91 — 9i)Whi

Py
= E{G(zi)(9j — 9:)Whi(gt — 9:)Whi} + (s.0.)
= E{G(x:)|E((g; — 9:)Whjilz:)]*}(s.0.)
= W'E[G(2:)C(2:)%] + (s.0.),

where the second equality follows from the U-statistic H-decomposition, and C(z;) = L ua[g” () f (2:)+
2¢' (z:) f'(x;)], and po = [ v2W (v)dv. O

Lemma B.4. Let Dys=n"3Y", D iti Dlting ejieim?/ f? as defined in lemma A.2. Then
Dy = Op((nh?)~?) = 0p((nh) ™).

Proof of Lemma B.4: Recall that ej; = Pj; — E(Pj|x;), Daa = n 33, Z#i Zl#,j ejierim?
Using (A.11) we have
Dip = D Y D D eiieriWnsiWhmi [(9k — 9)(gm — 9i) + urtim + 2uk(gm — 90)] / 17
i g l£0,] ki m#Ai
= Dg + D4 + 2D5, (B?)
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where Dy = 37305 > isi s Yo Somogi €ii€iWh kiWhomi(9k—90) (9m—90) [ 17 Da = 325 22520 D i
Dokti omti €ji€tiWhkiWhmittktim / f and D5 = 37, D jti 2uttig Dt 2omti €5 W ki Wh,mitur (gm—
9i)/ f?-

We consider Ds. We first evaluate E(Ds). Since i # j # [, and E(ej;|x;) = 0 and E(ej|x;) =0,
it is easy to see that if j or [ differ from k and m, then E(D3) = 0. Hence, for E(Ds3) # 0, we
must have k£ and m to match j and [, say k = j and m = [. Therefore, the leading term of E(Ds)
corresponds to the case these five indices take at most three different values, say ¢ # j # [ with
k = j and m = [. Since we only need to evaluate the order of Ds, it is sufficient to consider
eji ~ Pji ~ h_QWh,ji(xj — 2;). Then, we have

ElejiWhji(gj — gi)lwi] ~ b 2E[W ji(x; — ) (g5 — i) 2]
= h—Q/h—QWQ(v)hu[gghv + O(h®)][f; + O(h)]hdv
= h7%mgifi+0(1) =O0(h™?)

uniformly in z; € M.
Hence, Elejie;iWh ji(9; — 9:)Whii(gr — 9i)] = E{E(e;iWh_ji(g9; — gi)|xi] EleiiWh (91 — g:)|2:]} =
O(h™*). This leads to
E(D3) = n 5n30(h™%) = O((nh?)7?).
Similar arguments lead to Var(D3) = O((nh?)~%). Hence,
D3 = Op((nh*)™1).

Next, we consider Dy. It is easy to see that the leading term of D4 corresponds to the case that
the summation indices ¢, , [, k, m all different from each other. We use D41 to denote this leading
term of Dy. Obviously, E(Dy,;) = 0. By noting that E(ejzl-) = O(h™3) and E(W,%ﬂ) =O(h™Y), it is
straightforward to show that E(Dil) =n"%n10(h™8) = O((nh?)~*). Hence, Dy1 = O,((nh?)~2).

Similarly, one can show that Dy = O,((nh?)~2). O

Lemma B.5. Let Dgo and Dg 3 be as defined in lemma A.2. Then we have (i) Dgo = op(n_l) =
op((nh®)™Y); (ii) Dg3 = op(h* + (nh?)~1),

Proof of Lemma (i): Using f3; — Bi = h?Ba; + J3; + (s.0.), we have
Dsz = n2Y "> mumu(Bi — 8i)°
ey Y
= n_3 Z Z Z njinli(h4B§i + ng + 2h2BQiJ37;) + (S.O.)
i i iy
= Dﬁ =+ D7 + 2D8 + (8.0.)7
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where Dg = (h*/n?) Y, Zﬁéi Zlyéi,j n;imiB3;. From E(nj;|x;) = 0 and E(n?l) ~ E(FJQZ) ~ h_4E[W}?’ji(:ﬂjf
z;)4 = h20(h?) = O(h™1), it is easy to show that

E(Dg) = (B°*/n°)O(n'h=?) = O(h°/n?).
Hence, Dg = Op(h3/n) = o,(n™1).
Dr=n""Y, Zj;éi Zl;ﬁi,j Zk;ﬁi Zm;éi njimiukUmWilz,kiW}/L,mi/fiQ'
Using E(njilv;) = 0, E(uglax) = 0, E(nf;) ~ E(F) = O(h™") and E((W}, 1;)%) = h=*O(h) =
O(h=3), we have
E(D32) = n~1%0(n°h=8) = O((nh?)™*n=2) = o(n™2).
Hence, D7 = o,(n71).
Similarly, one can show that Dg = 0,(n~!). Combining the above results we obtain

D672 =De + D7+ 2Dg + (8.0.) = op(n_l).

This completes the proof of (i). O

Proof of Lemma (i): Using E(Fji|z;) = 1+ O(h?) and §; — B; = h®Ba; + J3; + (s.0.), we have
Desz ~ n Y 3" (B — Bi)?
i A
~ n? Z Z Z milh* B3; + J3; + 2h% By J3;)
i g I
= D9+ Dig+ D11 + (S.O.),
where Dy = (h*/n3) >, Dt Dol miB3;. Tts second moment is
E(D§) ~ (h*/n®)n°O(E(n};) = (h°/n)O(h™") = O(h"/n) = o(h).
Hence, Dg = o,(h?).

Dio = 02305 200 2otting dobti Qoms Mkt Wi Wi i/ f2. From E(n%;) = O(h™') and
BE((Wy,,:)?) = O(h™?), we get

E(D%) = n [’ 0(h™")] = O((nh)~2(nh) ™) = o((nh®)2)

Hence, E(D1o) = op((nh®)71).
Similarly, one can show that D11 = o,(h* + (nh®)~1).

Summarizing the above we have shown that
D673 =Dy + Dig+ D11 + (8.0.) = OP(h4 + (nhd)il)
O

The next two lemmas give the asymptotic biases, variances and distributions of the local linear

and local constant derivative estimators for the case when x is a d x 1 vector.
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Lemma B.6. Define a dxd diagonal matrix Dy, = diag(hs). Then under the conditions of Theorem

2.2 we have

V/nhyhaDy(B(x) — B(z) — Ba(x)) 5 N (0,eu(x)1a).
h2pag!'(x) | h2g{(x) fl(x)pa

where By j,(x) is a dx 1 vector with its s component given by Bis p(z) = TS S e

uafs(2) Yy ge(@)h?
2f(2)?

, cu(x) = vi mo?(x) /(3 f(x)) and Iy is n x n identity matriz.

Proof of Lemma B.6: By (14) we know that f(z) = S(x) + TA 1Ay, where Aj, and As,
are obtained from Aj; and As; with z; replaced by z, and " 7& replaced by Z Z Ny
the same derivation that leads to (A.5), we have eﬂAQx Az =n~ Z Wh:ﬂ[uzf( 5Dy, 2(.%'] x) —
(@) f(@)?)(Rjz + uj) + (5.0.) = Ain(2) + Asp(x), where D;? = diag(h;?), Rjz = glz;) —
9(z) = (¢'(2))" (2 — ), Ain(z) =71 3, Why]z[lmf( 1D (2 —ZE) —['()/f(2)?| Rjz and A (z) =
nt > Whvﬂ[uzf( 5Dy, 2z —x) — f'(2)/f(2)Huj. Let Auns(z) be the s component of Ay, ().
)

Note that the s component of D, Hrj—z) — fED(SQ is hy2(zjs — xs) — fz;)%, where fq(x) = %.

We have

E(Ains(z) = /Wh,jx [(M) hy?(wjs — s) — ﬁgl} Rjo f(x;)dx;

- ol ] LS e

=11l=1

d d d
1
+6 Z Z Z 9l 12,13 (xi)hh hiy has vy v v + O(h4)]

l1=11l=113=1

d

)+ Z fe(x)hyvy + O([|h]| )]

h5u4gsss(x) + sgSS( ) fs()pa N2fs(x) Z?:1gtt(x)h%
6112 2M2f( ) f(z)?

S Sh
_‘_lf( )Zt;ﬁ i9u (@ zzhtft o) gis(x) )/ f(z) + (12/2) thgtts )+ O(l|R]*)
2 2f( ) t+s t#s

= Bugu(x) + O(|[hl]%).
It is easy to show that Var(Aj,(z)) = O((nhy...hg||h||)~!). Hence, we have that
Ain(x) = Buu(a) + Op(||B|I* + (nhi...hal [0]])7/2).
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Next, E(Azn(z)) =0 and

Varlidon(u) = sy [ 100%w)Wiyu D3 e, - 2)(a; )7 Dy

1 - —
" nhy hapif(x)? /(faz)(x+hv)W(v)2Dh2thvTDhDh2d@
d 1 2

nh1hardf (2)
where in the last equality we used [ W (v)2vvTdv = v nly.
Summarizing the above results and under the condtion nhj...hg||h||?> — oo, nhy...hg||R|[* — 0,
and by applying Lyapunov’s central limit theorem, we have

(nhy...ha)"2 Dy, (B(z) — B(z) — Bin(x)) > N (0, cou(a)ly),

d—1
where ¢g i (x) = %2&2)(35) and Dy, = diag(hs). O

Lemma B.7. Under the conditions of Theorem 2.2 we have

VnhyhaDy(B(x) — B(x) = Bay(x)) 5 N (0, cre(x)1a) |
where By () is a d x 1 vector with its s element given by
Bas () = $25 | 3906 (@) F@)h2 + L [fi(@)g1 (@) + 91(@) frs(@)]hF — L2 z‘f 1 0:(z) ful@)h?
+95(2) iy Fa(@)h?] with mo(w) = 250y (@) = G mss(a) = "’2 () form =g or f,
cie(@) = vi oo (@) £ (@).

Proof of Lemma B.7: For the multivariate x case, 3() is still defined as in (B.5) with J; (x) and
Jo(x) defined below (B.5), except that now Wy, = [, by w(zlshszs) is a product kernel, and

s=1""s

Wi, iz 18 @ dx 1 vector with its st" component given by Wi iz = —h;2w’(x”h7;zs) [Tiss h;lw(xjthi:xt).
We use Jp s(x) to denote the st" component of J; (x), then it is straightforward, though tedious, to

show that (gs(x) = %Lg)'

d
B(a()) = 0u(o) + 75 | Gousl@) S@I2 + 30 (h(e)an(@) + fi(e) o)) B
t=1
d
j th 2)hi + gs(x tht ;| +OodInl?)
= )+ Baonle) + O (B3)

Also, it is easy to show that Var(Ji(x)) = O((nhy...hg||h||)~!). Hence, by noting that B(x) =
(gl($)7 "'7gd(x))Ta we have
Ji(x) = B(x) + Bap(x) + O (|yh\|3 + (nha...hal[R])"/?).

It is easy to see that Wy . = h1 D, 'W/(552), where W/(4) is a d x 1 vector with its

st component given by w’ (%) H#s w(H xt) Similarly, define W’(v) as a d x 1 vector with
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its 5" element given by w'(vs) [ 125 w(ve). Then it is easy to check that
[ W@ @) ds = ol (B.9)

where vy = [w(ve)?duy, ko = [(w'(vs))%dvs, and I is a d x d identity matrix.
Similar to the proof of lemma B.2, by H-decomposition one can show that Ja(x) = J3(x)+ (s.0.),
where J3(z) = #(z) > uiWj, - Obviously, E(J3(x)) = 0, and

Var(Js3(x)) = nf(lx) Elo(W)_j,)(W))"]
- nf(la: /f:EJ (xj)(Whjx)(Wh]x)leL‘J

= n(hl..-hd)2f(x)2/f(xj)o-2($j)Dh1W,( yh x)(W,(xj];x))TDgldxj
1

= @) /(fa2)(x + hv)(D,?W/(v))(Dng'(v))Tdv

haf(x)
= 7”(? 0 E) [y 0 (o))
1--haf (x) e

where in the last equality we used (B.9).
Under the condition that nhy...hg||h||* = oo, nhi...hg||h||* = 0 as n — oo, and by Lyapunov’s

central limit theorem, we have that

(nhy..ha) 2Dy (B(x) — B(x) — Ban(x)) % N(0, cre(w) 1),
)

where By p,(x) and ¢j(x) are defined in the beginning of lemma B.7. This completes the proof of
lemma B.7. U



